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PO 8 A 1J NEPIMN HH

YUCJIOBI PSIAM.
§ 1. Heckinvenni nocninonliocﬂ.

Hafipismomanitaimi - NHTaHASA AHa.nisy npanmm'rb HaC O neoﬁ-
xi,moc-ri BHBUATH KECKiNweHHi nocvuaoanocmz yucea

al, as, . s Qny ‘.'. .

1‘061‘0 cyxyrmocri rmce.rt posuimeaux y HEBHOMy nopsmxy,i Taki,
1O 32 KOXHHM UHCAOM nocmxosnoc'ri TIOCTaBJIeHE Iie YHCIO. U,e
ﬁyaae, HanpHK/jazn, Y nocnigosnbc'ri Bcix ui:mx qnce.'v

1, 2 3eee, fyunn.

‘Hecxinuerny HOCHAOBHICTh UHCE/ MM BBaKaEMO 3aJ3HOI, AKIIO

JaHO CHOCi6 obumeanTd Cyapsxuii ii 4ied, koau BKasaHe Te Micue

B noc.ninonnocri #a #KOMy BiH CTOITBH, 'TO6TO XaHO CHOCI6 06lmc-
JAUTH G, TPH 3aJaHOMY #, HanDHKJIAZ, noc.nmosﬂocﬂ

1,3, 5...,2n—1,.
11

S = T B
1. 3.7 o—1
23 ’é”"’ gn 20t

11 1 -
h—i §' "':( 1)n+l yoer

’_e sanannuu. -

Hucaa a,,@,..., Gn, ... MOXHA poar.zmna'm K 3naqeuua AKOICH
smiuuel ‘BEAHYHHH, IHO 3MiHIOETHCA Da3oM i3 3miHO0 HOMepa n. Lla
amigHa BeJHYMHHA nocnlnonno npnﬁmae 3HAYEHH: @;, noﬂu as, no-
rciuagiT..u., .

-3. Teopil- rpam ‘MB. 3nasMo, m.o 3MinHa Bezmmﬂa umxe 3mi-
HIOBATHCH naﬁpisnonaairalmuun cnocobamd, a.ne OfHH 3 uaﬁaaxmu-
- BiJIHX BHNARKIB 'roﬁ, Jm:m 3MiHHa BeAHYHHA NPAMYE 00 ﬂmm‘b
tpanuyi, -

3 Teopii rpauuub M anaeuo, lmo aHCA0 A Gyne rpgmmelo
aMinHOi ‘BENBYHHH @s, AKIO. 3 SK 3aBrORHO MaJuM JOXATHHM . YHCS
aou e nom saazxﬁ.u aiCTammx 'raxe uine; qnc,no p, mo pisnugg



Mk A { @n 32 a6COMOTHO0 BENWUMHOO MEHINIA e, K TLILKH 72 Te-
pesuimye p, 10610 '
. Jen—Al<e n>p.

dxmo. 7~ # wieH &, HocaAlpoBHOCT 4, Q2 ..., GQn, ... MAE CBOEIO
IrPaHUIEI0 4HCAO A, TO MH KODOTKO TOBOPHTHMEMO, W0 NOCAII08-
Hicmb @y, Qg ..., Gny... MAE 2pPantiyero A, abo nocaidosricms 36iza-
emvca 00 wucaa -A. ' o = ‘

Inakme xaxyud, age O Maze He OYyJO YHCJAO &, BCl WIeHH 1O-
CJHi1OBHOCTI, NOYHHAIONH -3 UNCHA dpyy, J€KaTh MiK A—e i A+¢e;
unenip nocposHocTi, Aki MeHui A-—e a6o Ginpmwi A--e, € aume
ckiHueHHe uHcaAo, 1 mi “uneHH He BMBarTL Hl Sa icmyBanus rpa-
naui, 1l Ha i seaAuunny, Lo :

Hanpuxaaj, 3 BaANACAHHX BHIE NOCAIXKOBHOCTEH Apyra i Tperd .

———

MaoTh rpaﬁnni,“ﬁo‘,—:g.n.phnye 1o 0, a""—@;-— npsmye A0'1, Koaht 7

HEeOOMEeXEHO 3POCTaE. ' =
Axe mg BiasnasEmo Ba ocl OX (puc. 1) Touku 3 aGecumcamu
ay, Gy, - oo5 Gny .oo, TO Y BHNAAKY, KOAW TIOCAIZOBHICTD @y, ds...,
© Gm... MAE TFpaHHICIO

a a a;, - a,. ;.. a . - ,
F % 0 G pes " yncao A, B TOuKH Ha-
T TR T T T T

A et "X 'moi nocaiaosHOCTi, Nno-
-E 1 ?
0 4 , A ,'4 . YHHAIOYH 3 @piy, OYAYTH
Puc. 1. ‘ -Big A Ha wigaani men-
‘ wmif; wlax e 0

Inaxme kaxyuH, el mi ToOuKH Kinenb - KiH{EM NOWSRYTH B IH-
Teppaj 3 HEHTPOM y TOsWi A i AK 3aBPOAHOG NAAQI JORKHHH; N033 -
'LHM iHTePBANOM NEKHTb JHIIe CKiHuSHHE '4ieA0 TOHOK HAWOi no-
CAigOBHOCTI, B S : . * o ;

SIKI0 NQCHAOBRICTD <@y @3y <evy Oy ... M3E A CBOEK TpAHHIEIO,
TO BCi il 4ARYH, NOUHHAIYH 3 AKOTQCH, Aeuath Mik A—e { A--e;
oTxe, AKMO A He HOpiBHIOE HyJeBi, TO Bcl 4WieHH NOCHKOBHOCTI,
NOYHHAIOYM 3 AKOrOCh, MATHMYTb ToN e sHak, X i A, B oMy .
MOXHA TEPEeKOHATHCE, YSABINM & MEHIINM, HiX a6COMOTHA BeJH-
unna A. Haenaxu, gxmo B nocaiioBfocTi peMae BUUEMHAX UYJIeHIB
a60 ix TiabKH CkiHyeHHe YHCJO,.TO A e Moxe GyTH. Bix'emuuy, 60
Ko/u 6 BOHO 6yJA0 Bif'€MHHM, TO BCl WieHH, NOYRHAIOUH 3 AKOrach,
6yin 6 pim'emuums. Orxe, sKmo Bcl uiewn wocaimosHocti a6o Bcl,
KpiM CKiHYEHHOrQ WHC/A4, AONATHI 360 KOPIBHIIOTH HyAesi, T6 i rps
HHIA MOXKE OYTH TiABKM fojarHom a6o  xoOpismjosath Hysedi Tak.
¢amo, axmo B¢l wieHn TNOCIAOBHOCTI, KpiM, MOXAHMBO, Cxfiuéntore
uucna, Big'emnl 460 mOPIBHIOWTD Hy/esi, 70 ‘1 rpahHmi RoKe GyTH
TiIbKH BlX'eMHOIO a60 AopiBHIOBaTH Hy#esl. Baarani, o ¥des no-
cainoBrOCT He TiepeBHIVIOTh AxOronedyas wpead B, 76 irpanuns
il He Moxe pmepeBHmyBaTH B, e e
 SIxmo ‘MH”3HaEMO, WO NOCTAOBRICTS 30fraerses 20-H ‘ro6ro

limay= A4, ”

T0 npu nq@gg;;‘amoug ‘It “MOXHa POITATAST) Y §iK HIOAWKEHY
_ BeJHUUHY 1A% -A o Habmxeny BeTAYHHY MMt MOKeMO OCUHCANTH,
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Iosenenns AoctaTHocTd miei yMOBM MM HAaBOXHTH HE 6ynemo,
a JaMo JHMIne XesKke TosCHeHha. JIKImO yMOBY BHKOHaHO, TO Bcl-
WIeHH [OCAIAQBHOCTI, MOUYHHAIOUH 3 Qpi1, HaJEKATh iHTEPBaNOBI
(ap— &, @p--¢), AMOBXKHHA SIKOTO SK 3aBrOAZHO MaJja. SIKIO uymcaa
@, POSTAAJAATH - SIK TOUKH, TO MOXHA TNepeiGauuTH, IO 'TOUKH
Q1 Gy, ieey Qp, ... STPYNYIOTHCA HABKOJO SIKOICh TOUkH A (RuB. puc. 1)..

§ 4. Ilomwrsl npo pan:

SIkmo AaHO HECKIHICHHY AOCHJOBHICTD YHCEM .Uy, Ugy ovvy lne ouu o
TO, CHOAYYAIYH IX Y TOMY - NOPHAKY, B fKOMY BOHHM Jagi, SHAKOM.
fAi0C, TAK caMo, sk i MDH AOAaBaHil, MM XICTaHEMO CHMBOJ

e lUptoos T Untouny
. IO Mage HasBY pfdy; amcAd uy; U, ..., Un, ... HASHBAIOTHCA YACHAML
pany.

Uepes Te W0 QPAKTHYHO BHKOHATH AQAaBaHHA Gealiyi uucea He
MOXKHE,- TO MH # .POSIANAEMO HANMCAHMA BHINE BHPA3 JALIE AK
fKuficb cHMBOM i NOBHHHI 3’sCyBat® COGi Tenep, y sIKHX BHNAaLKax.
HbOMY CHMBOJIOBI MOXCH3 BAaAaTH YHCIOBOI CyTi:

TpunycTamo, WO - :
Sh=um-tu +...+u,,.,

266T0 PO3raAsHeMO CyMy It JIepHIHX u/eHIB HALIOrQ pPsAay i Ha3seMo
31 wacmunroo cymor) DPIRY.
‘Ko 1 3MIHIOETBCH, TO 3MIHIOETHCS 1 S5 MOXAUBI ABY BHBAJKH:
260 S, NpH HEOOMEKEHOMY 3pOCTaHHI B HPAMYE X0 AKOrOCh GH~.
cAa S; ¥ BbOMY BHIALKY DsA Ha3HBAETHCHA 30incHuM i YHCAO S Hasu-
BaETHCHA ﬂyxom pPany ; aﬁoxc Sp HE npsMye Hi A0 KOl rpaﬂuui'~
B UbOMY BHBMAKY DR, BAMMAETLCS PO3CIICHUNM | HE Mae CyMHu.
Yucna sy= ?‘. = - S:=#,}-#a+...~+ s ... yTBO-
PloOTH . nocnm ﬂfc 3

sl‘,’Sg,...s Snyoee e

Mopisuioioun jaHe Bumie O3Ha4YeHHs 361XHOCTI mOeAiAOBHOCTI
3 osHaueHHAM 36iXKHOCTI Py, MH MOXeMO CKa3aTH, IO p;zd HA3U~
soembcsL_SOLUCHUM, SKU0-3012acmbes. NOCAI008RICMS 1020 HACMUH-
Rux cyx. I1oxi6H0 n0.TOro: gk My Gpann YIGHH NOCAiAOBHOCTL AN
~ 1 ppamnL, Tak | 1A% SHAXQUKEMEA mmu
paRy MH: GymeNo: Gpa-ru ~HOrOTYaCTHHHAL CyMHU- AK °

Six nepmmfi npuKAAX Ha POSB'I3AHHT NHTAHRN apd 36ixuicTs
PALY POSTJSIHEMO .I€OMeTPHUHY TpOrpeciio

aparfar 4 ... par-ld ..

3 mepmuM YACHOM @ i ‘suamenuikomM 7. TY¥ MOKHA cymy. n nepuiux
unexHin IIIMUCATH TAK:

a—ar* @ . ™"
1—=r t—=r “1—r

TPEGY PUSMSEATR “Tarl ‘BRIAAKH .

Sp ==

1



1°. fkmo | r|< 1, 7o lim =0, -
T Rlend OO .

a TOMY -

li‘s——“lim'a' liarn =-2_

,,IB»- B ol — F n-»g: {—r 1—r°
TakuM GHHOM MH 6a‘mmo, DY psuz 36fraeTncs 1 foro cyma S
J0piBHIOE.

Y sunaaxy, xouu. |r| <1, mporpecis HasHBaeTbCH CafHOI0, 60
TOAI a6COMIOTHA BEAHYHHA KOXKHOrO HACTYIHOTO x%eua MEeHIa
a6co/110THOT  BeJHYHHH "AIomeépeAHLOro. - TakHM UYHMHOM, MH JOBEJH,
IO CnajfHa TEOMETPHUHA NpOrpecis-e s6LxHHA pAX. -

2% qGxwmo fri>1.10 Ir|* HeobmexeHO 3pOCTae npn HeoOMexe-

HOMY 3poCTdHHI 7, a OTXe, neod:iexeno _3pocrae ila ’“ll, ane
‘e a

Sn =a>—"""—_' 'y

r—1 r—1 .

a ToMYy |Ss| HEeOGMekKeHo. apogTae i, onxe.ue npsMye RO CkiHUeHHOI
rpanni, TOMy psA posGiraer

Y mmnanxy, xoan |r|>1; npoﬁpecin Hasugaefbca 3poc'raxoqmo,_
60 Toml KomHHA ii uwiem 3a aBCOMOTHOIO BesHyYHHO©® Oinbmuf
BiJ]. nonepe,uuhoro. O'rme, MK JI)OBQJ!K, mo 396(‘.‘!‘&10‘!& reouerpama
nporpecia € posGikHui  psin.

3% Slxine r==1, 10 DAX IDWAMAGE BATAAL

ca4ead-ad, . at.,,

3posymino, WO B ILOMY BHNAARY. Sz=7a, a ToMmy, AKmO a £,
TO | S, | HEOGMEKERO 3POCTAE HDH HeoGMekeHOMY SpOCTaHHl 1, OTiKe,
pAA pO36iraerncd.

49, Sgkmo r==~-=1, TO pPaAX DpuAMe. BArAAL

a—'a +u*a+.e. >

a TOMY Sp=a& A neuapnoro wi s,=0 zan napnoro n. Orxe,
s, He npamye ui A0’ skol rpangiy; i pan poabiraerncs.’

OCTaTO9RO -MOXKHA- CKABATH,. I40: IpK |7} < 1 reomernmuna noo-
rpecis €-361mnuf, npu | r] > 1= posbbxuuf psa.

§ 5. 3aamwkonud waen pagy.
SIKLIQ: MH PO3TAAHEMO "@Ba VBN

u1+”z+---+uﬁ+ap:l-l - upi2 .
‘ llp.H + u,,+, seoy.
3 AKAX APYFHH YTBOpIOEThCH, KOAH GepyTH HACHH TepUIOrO;-Ho-
12



‘9HHAIOUH 3 Upyi, TO OGHABA DS 460 BomHOuae 36iralThcA 260
BOJHOUAC poaGiraiThcs,

.Cnipasai, SKIO Sp € CyMa p NepUIAX YAEHIB nepmoro,aSa € ‘t:yMafz
- IepPWHX YA€RiB APYTOro psAAy, TO 3pO3YMiNO, MO -

sp+,—(u1+u2—[—. . .+up)+(u,,+1+up+2+.. ~+ #ptn) =Sp+ Sn

. fxmo uepmuﬁ PR 36iraeThCd, TO Spin np;mye 0. O0esHOI rpa-
HHUl S, KoAH 1, a OTke, 1 p-n HeoOMeXeHO 3POCTANTH, ajle
4gepes T¢ MmO S,,——sp.H.—s,, TO, oTxe, S, npaAMye A0 rpaHuui
S —sp, TO6TO ApYyruit psx 36iraetbes.

' Haenakm, sKmO ApPYrufi paA 36iraeTbcs 1 Mae CyMOI0 4HCJO o,
3HAYATH, S, MPAMYE A0 o HPH HeOOMeXeHOMY Spocrasfii 71;- OTXe,
npH HeoOMeXeHOMY. 3pOCTaunt. B i Sqip MPAMYye RO rpam-mi mo
#xopisHIOE G-|-Sp, TOBTO NEpmEA pAA 36iraeThCd.
¢~ $flxmo oxmu 9 ABOX "pAAlB posdirae'rbcsl, TO npyma He MOXe
-a6iraTach, 60 iHaxnmie 36irasca.6 i nmepuwni.

Y sunadxy, roau o6udsa padu sbizaromscs, av.na dpyzozo pROY
HG3UBAEMBCA SAAUUKOBUM YAEHOM nepuiozo’ psdy, NpH YoMy mJs
rorQ mo6 BKasaTH, IO APYTHR pﬂg ‘TOYHHAETHCA -3 HACHA  Upi1,
" NPUANATO TOBOPUTH; MO HOro cyMa e p-A- smmuoauit gjaen: i no-
_3HayaTH fioro uepes Rp Uepes Te mo CywMa mepmoro pazy nopis-
Hioe cymi Horo: mepIRX. » MAeHiB, AOAaHOI N0 BaAHIIKOBOTO UJEH3,
TO: MOXKHE HanHcaTH ‘

S:—-“Sp-‘*Rp-

JAnaxme: kaikyan, p- A SaAKHIKOBHH WICH € T4 NOMUEAKG BKY MH-
3po6uMo, AKIO- aaMiCTb CyMH pagy’ 6pammeuo cymy; fioro; p cnep-
KX uyaenis. Yepes Te o
) =S ;Sﬁ,

TO 3pO3yMisd, Mo AP HeOOMEKEHOMY 3pOCTaHHI p 3aMHHIKOBHA
ugeH R, npsmye 10 By,

TaK; HANPHKAAZ, V- CUaARIE FeQMeTpuumit gperpeci .My Oa-
HAIH, 10

S=r iR SEIe

‘a ToMy
. rn', )
Ri=as—=.

B 6araThox BHMANKAX Y HaC HEMaE IHIIOFO. CHOCHEY oBuncauTH
$KECh. ‘UHCIIO, I;p‘m posraﬂnahna pﬁny, CYMO10 SXOr0 ° BOHO & ‘Toai
.naﬁ.:mmemm 3HAYEHHAM ‘IbOTO UHCAA € CyMa:Jt 'Mepuidx ujeHis
pany. Psag Oyne TRM apyunimu® 11 0GUHCHeHD, 1M MEHIIOW GyHe
3poaena NOMHIKE, TDﬁTO 9HM - Menmml 3ammxeaaa gaen. Imoxi
Rn AyRe HIBAAKO “cganae i3- }poc'ranum n; y uHx BHnNagkax mpo
pﬂgg umx cxasa'm ‘MO - IBALKO posﬁirae'rbcs" Takuft PR
0co0AHBO Py M mm oﬁtme:xenb

3



§ 6. Ipocrimi .onepanii Han paaamu.

3 BM3HAUeHHs CyMH PHAy. i 3 OCHOBHHX TeopeM NpO rpamuuj
MH NiCTaeMO Onpasy Tagl TBEPIUKEHHA:
10, fIxmo C e Ctajte yucno, a

S0 T N R 7 S
€ 36ikHRf pax i3 cyhmo- S, To pax )
Cu1+ca2+to o+ Cun.+‘l ..
Takox 36iraeTbes i Mae cymy cs.
20, JKmo A®sa psgH

Ry - Hg~t-ie N e R
O+t Fomt

36iraioTbest i MaloTh cymamu S; 1 S, TO pAE
(#, +°1)+ (aﬁ +%) 4. + (It,, +‘v”) +...

36iracrncd 1 mae cymow S;-+:8;. =
Lle Thepamernns MOxHa RgSectH i A Cyaswworo ckiuseunoro
yHCcAa papds, o '
Teopema, sposysiio, enpasessmsa | jas pisEumd XBOX psiafs,
3% Slkmo psax s6iraeThcs, TO BiB Gyxe 36iMmuM i nicas Toro,
K MM 3MIHEMO sKechb ckinuenne ancad fioro usenin; cyma oxep-
XaHOTO OpH UbOMY PAXY AODIBHIOBaTHMEe CyMi A4HOro paAy miiocC
cyma pismmity Mbxk SMineBHMH ujeHamu I TRMH, |0 SyaAr paHim.
4%, slunto o6nasa. paRH ,

/ut ._}"jlgz}t. ‘g )’.+i L‘l bl X3

i 'vl+'vl+' -"+"’n+‘;‘ .

36iraloThCal 1 AKIMO MH MAEMO AAR BCAKOFO 1 MEPIBHICTD 4, < Un,
TO A8 CyM S; 1°S; mBX pAKIB.MH TAKQXK MaeMO S, << S, IPH SOMY
HeoMiHRO Oyne S; <'S;, AKINO, PR YMOB] Hn s Un, € XOU OLHE 71, JIIA
AKOTO Up < Un. Crpansl, §;—S8; ¢ cysa pERy :

T @—m) Ot

B KoMy Bcl unenHH jnopatai a6o AOpIBHIOIOTH HYJAEBi, OTXe, CyMa
© n MEpIIHX WIEHiB HbOTO PAAY "NpH BRAKOMY n aGo AoAaTHa aGo
NOpiBHIOE HYJEBi, 4 TOMy BOEa He MOXe MaTH Bi'€MHY TpaHHIO
npu HeoGMexeHOMY 3pocTaHgl . Koan X x0u NpE OZHOMY 72 Ma-
EMO iz < Un, 3H%HTH, B QCTARHbLOMY psAjli € ROXATHHA YaeH, a BCi
iHWi He MOXYTh GYTH BIA'EMEAMH; TOMY S;-r.5; ROAaTHE 1 §;<S;.

Hasepenl Bume TeOpeMH BKasyBaiH Ha MOXAHPICTb 'y Oesixux
8una0K@X- NOBORHTHCH 13 3GLKHHMY. PAKAMA AK i3 CKIKMERNUMU CY-
Manu. Ase -GYA0 G BeAUKOW REWBAKON - 68AX¥CAMU, U0 8CL SAKORK,
CnpaseOARel .0AR CKIRNERRUX - Clijy, OMicki i Oam s6incnux prois. Ha-
NPUK/IaH, MH SHAEMO, 10 CYM3 CKIHUCHHOrO 9HECAa JOAAHKIB HE&

14



BaNeXHTh BIX IX MOPAAKY; BpOTe, NOTiM MK NO6AYHMO, IO B 301X
HHX DAZAaX He MOXHA NEPeCTaBAisTH WIeHH AK 3aBrOAHO; 1e MOMHd
POGHTH JHINE NPH AEAKHX OOMEXYBAALHUX YMOBAX, Y 3aTaibHOMY X
BUNAAKY BIA UBOrO He TIMbKH MOXKe 3MI{HMTHCh CyMa panxy, aie
BiH MOMKe €TaTH HasiTe poabimuum,

JHaal, sxmo B Cymi CKIHREHHOro YHcaAa waeriB xeskl wieHH arpy-
nosani AOKYNH, IO NO3HAYEHO: AYXKKOIO, TO 3HHUIGHHA KYKOK, CHO-
JYQeHAX 3HaKOM IAI0C, € IIKOM 3aKOHHOI0 onepanie, TOAl Ak AAs
paAiB UbOro, B3araal KaxywH, He MOxHa pobGutH. [logcuumo npu-
KAaAOM.

- Pan

1 1 1, 1

- 1
€ FEOMETPHUHA nporpecid i3 3HAMEHHHKOM ~2-—i NepIugM YICHOM

=

| 8

TOMY ZA% HbOTO

11
PG 1
Sp == m—r—— i === "'"'ib
=5

oTxe, cyma-S=1, .
Mn MOXeMO TOMY CKasaTH, IO psaj

(=3)+ (1= (= F) +- (=T ) -

‘36irgeTnca i Mae cymy, piBuy 1. Ade xOAM MM SNMOUEMO AYXKH, TO
AicTaHeMO pHx i

1, 8 (. T, Ly Bl
1-—-?'{- b y: +l-- 8+...+l -‘F-—-}-..,
i HEBAXKKO NOKABATH, IO BIH POSGIraeTHOA.
-CrpdBRi, AKIMO MH NO3HAYHMO Yepes 5, CyMy 2 nepmux Aoro

9ienis, TO TpeSa OyAe DOBPISHATE ABa BHIMAKH: KOJH 7 napHe
i xoau BORO menapue, Slkmo n napHe, ‘TO6TO: n==2t{z, TO

w=l—gtl—gt. +l-—"=
1,1 17 . .1,
~-§+;;+--f,_+§nz—~1_‘f§;,.
'KOAH X 7 Hemapse, T06T0 n=2m-1, T0
1Ly 3 2n—1 5
Sl l— = 1=
1 1 1 1 : 1
=gty t+ttmtl=l—gt+1=2—5.
: 15



~ 3sigcu BHNIHBaE, MO NPH 7 JOCHTh BEJIHKOMY i NapHOMY S,
Ayxe Gauspke 101, a WPH 7 AOCHTL BEJUKOMY i HENApHOMY S,
Ayxe Gausbke no. 2, Lle noxasye, mo s, He npamye Hi 10 Axoi
rpasufl npn HeoOMeXenoMYy 3pocTanHi 7, oriKe, paj posbiraerscd.

- Lle#t npukaax skasye Ha HeOGXixmicTh O6epexHO NOBOAMTHCH
i3 prAdaMu: He MOXRA NMOBOAUTHCL i3.yCHKMM 30IXHHM DALOM Tak,
#K MY noBojiuAnCA 6 13 CKIHUEHHOO 'CYMOM..

‘§-7. Heo6xinna osnaka 36hwnocti.
HansBuuafiHO BaX/AMBO BMITH BCTAHOBHMTH, UH ¢ Kaumh paa

u;,+ﬂ;+...+q&+.;.

36lBHM 4uH Hi; He MHTABHA eKBiBajeHTHe MHTAHHIO NPO Te, UM
TPAMYE CyMa 'Sy ‘TePHIHX /- uNenis paay Mo JedaKoi' rpaHaui,- KOoaH
n_HeobBMexeHO 3pocTae, Hepaxko oxpasy mictaT xeoOxidny ymMoBy
aaq. 361xHoCT. JIAS UbOro ROCHTH 3ayBaXKHTH, IO KOJIH ‘paf 36l
T3eThCA, TO Sz NMpAMYEe AO NEBHOI TrpaHuil S nps HeoOMeKeHOMY
3pocranni n, ane gepes Te WO

Sn's= A 14 - -ty

_'Sn-‘-% = u, + ll2+ ...+ Upyy

TO .

| Up =Sy S
Slknio, 1 HeoGmekeno 3pocTae, 70 i 4 -~} TaOX 3pocTae HeOG-
WeKeHO, 3 TOMY Sg 1 8,1 OpAMYIOTH ‘Ao rpaumyl §. 3einecn suniw;
BaE, WG, i nphlye A0 RYXR, ofkd, MM MQXKEMD CBHCIOBRTH Take
TBEPAMEHHS : T ; o
- Hag Toro upofi-pan sbirascs, -Heo6Xiaup, w06 n i uren foro
@PRNYBAS A0 HYJS: NPW BeoGMEKEHOMY 3pOCTaNHi- 7,
OTKeNSKmO 7i-# uleH PALRY He UPIAMYE IO HYAs, PAA NOBHHEH
ooa6lra-§&‘£{ Hanpuxaag; -pos6ikuicts posrasyroro B §.6 pany

1_._..2...4.1 4++.1 —% s 5t

MOxHa Oya0 6 . AOBECTH, KODHCTYIOUHCh ~MABKHING OAEPKAHUKI
O3HAKOI0. - -

flpoTe, onep:kana o3Haka, Oyayud HeoOXigHOlO, HE € ZROCTaT-
HbOI; 60 PaKuit p#j-Mexe 6yTH pO30hkHHM HaBiThb i TOZI, KOMH
#ioro n-# uneH npsmye A0 Hyas. Hanpmxaan, pax

S RS !
1+'0‘"+~3—+. .'r‘:‘—f;;'_l‘"‘“’ ’
MO Mae Ha3BYy rapDMORIUNOrO, Mae r~# YiIeH U= 71 8 TOMY ix
npAMye KO Hyasd DPE-HeooMexeHQMy 3pocTanul n. [Ipore, ued pan,

K MH.38Dp88 NOGATMMO, PO36iraeTncd, -
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1106 nepexanaTuch y HbOMY, 3ayBaKHMO, IO KOAM G pax 36i-
rascd, #ioro 3aJMIIKOBHE YJeH

1 1 1 ,
v’?v+ﬁ—_|_—l+...+m,+r..-.
noseHen Gy 6H mpsAMyBaTH A0 HYJs IpH HeoGMexeHOMY 3pocTanal
7, a IpOTe, AKIO MH PO3rISTHEMO CyMy :
1 1, 1
n—+1 +n+2+"'+n+n’
TO NePeKOHaeMOCh, W0 KOXHHA ii ujaeH, KpiM ocraﬂuboro, Ginbwui

| SR : |
o @ OCTaHHIA AopipHIOE gy THCIO 4jeHiB € 7, TOMY PO3rasHyra

| ;] 1
cyMa ﬁummaﬁ,'roﬁ'ro 6inbma 5> @ lle moKasye, wo

1 1 1
m+m+...+m+...

HE MOX(e NMpAMYBAaTH AO HyJ#, KOJAH 1 HeoGMeKeRo 3pocTae, i, OTike,
rapMoniuHnfi psa posbiraeTbci.

§ 8. Teopema Komi,

Icnye Teopema Komi, saxa no0sBoJsie, fiK i y BHNagKy NHTaHHH
OpO TPAHHINO NOCAIZOBHOCTI, PO3B’A3aTH OCTATOMHO NHTAHHA NPO.
36ikHICTD pARY : ' - ‘

Aag roro mo6 pax sbirasca, Heo6xiano i Ao0cHTh, 06, ake 6 He
6yno momaTHe WHCAO ¢, MOXHa Oyno 3HafiTH Take uize uucao N,
WMo Ana BCiX #, Glassemx N, i ans Bcix uinux p wacrunui cymn
PHAV 3310BONBEAIH - H

‘ |Sn+p;3ul<,3-
Heo6xinnicTb uiei ymoBu 30BciM oueBHAHa, 60 AKmMO pax 36i-

raeThCd, TO S, MpAMYye KO AeaAKoi rpanuul S npu 1 HEOOGMEKEHO 3pO-
CTaYOMY, a ToAl NPH AOCHTb BEAHKOMY NI AK S, TaK i Spyp Bik-

pIBEAIOTECA BIR-S MeHmle Hbx Ha "5 » TOMY BOHH BIADI3HSIOThCS OAHH

Blx OxHOro MemHme HIX Ha e,

JloBeeHHsl KOCTATHOCTI MM HEe HaBOIHTHMEMO.

Cain sayBaxuru, mO xoa Teopema Ko i aae -mopse posp’a-
33HHA MUTANHA NPO 36iknicTh, axe npHKAaAaTH iwa npakTHui Madxe
\eMOoxupe. IHakme KaXydd, AKIIO NAHO AKHACDH iﬂnnslnya@nﬂ;
P8I, TO, KOPACTYOUHCh O3Hakowo Komi, mistix me aerue Bc:a}w ) 'ﬁ)
an 30iraeThca BIH 4R HI, HiX MPOCTO NEpeBipHTH, YH Mag CyWa S,
#oro nepmHx n uAemiB sKyHeOyAb TpaHHIlO- IPH HEOOMeweHOMY"
spocrauni n. Tomy, xou oaxaka Komi i mae BenHuesHe/fSopeTHIRE
BmAReHHS, A03BOAAIOUM AOBOAHTH 0araTo TeopeM npQ“paiad, ane
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ANs NPEKTHYHOFO PO3B’A3aHHA NMHUTAHAA NMPO 36LKHICTH TOro 4H iH-
WOT0 PAXFTNPHKAANAOTL {Hmi O3HAKH, XO4 He Taki 3araibmi, ane:
sate npocrimd, JIo BiAlIyKaHHA TakHX O3HaK MH Temep i mnepe-
fijemMo, ajne CIOYaTKy 3pOOMMO OfRe 3arajbHe SayBaKeHHA.

Ha mincrasi Toro, mo rosopuaoch y § 5, My MoxxkeMO npH pos-
B'3aHHi- MHTaHAA NpPo 36ixkHICTH abo pOSﬁDKHiCTb pALy HeXTyBaTH
6yAbsIKHM YHcAOM HOro mepmHx wWieHis, lle sayBaxkenHns 3pyuHe,
. B THX BHNaiKaX, KOMHM B NEPIIHX 4JeHAX € Aeska ipperyaspHicth ™.

Ilani My CMHHMMOCH Ha BUBYEHHI OJHOTO OKPEMOro kjaacy ps-
IiB, a caMe TaKHX, y fIKHX KOXHHH ujeH a6o moxatHu#t, a6o n0-
pisuioe Hysenl. Lleft xaac psais THM Baxkamsimmufl, mo, sEafmoBmIx
AJis HbOFO KPHTepIft 361xHOCT], MH 3 floro JHONMOMOTOI0 MATHMEMO
MOXJ/HBICTb 4aCTO PO3B’ASyBaTH NHTAaHHa i nmpo 36ixHiCTb paAiB,
YIeHH AKHX MOXYTH GyTH fix_aoxarui, Tax i Bin'emsl.

SIkio B AKOMYCb paAi Bcl wiaeHH AojaaTHi aGo AOPIBHIOITH HY-
JeBi, To, BilkuAalodu pisnl AyJaeBl 4ieHM, MH He NOPYmHMO 361k-
HOCTi, AKIIO BOHA OyJa, i He 3MiHMMO cyMH psany. TOmy Bce 3BO-
JUTHCH KO BUBYCHHSA -DAXIB 3 AOJATHAMH -WJACHAMH,

§ 9. Paau 3 AOHATHUMH YICHAMMH..

Hexa#t .
A e =TT T

€ pag, ycl- 4ieHH 9KOro AOZaTHi. 3po3yMino, w0 KOJAH S, € CyMa
n NepHX. HOro 4AeniB, TO HPH BCAKOMY 7 MA€MO Sp+12>Sn; OTXKE,
NOC/Ii IOBHICTb YaCTHHHHX CYM HAIOro psay 6yae spograioyoio. Ane
TOAI MOMJAMBI- TiAPKH 1Ba BHUALKH : 300 §» HEOOGMEKERO 3pOCTae
pasoM i3 n, i Toai: pxg PO iraqncx &éom ApH BCAKOMY 7 9H-
caa S, AMIISIOTHCHA MeHm skorock umcaa M; y ObOMY BHOAAKY
nOCJi10BHICTD O6MexeHa 3Bepxy, a 4epe3 Te m.o BOHa 3pOCTaioua,
70 (§ 2) BOHa nmpAMye KO NeBHOI rpaHHILi S fka e 6iapma M, To6T0
paj s6iraeThed i Mae cyMy S<<M.

3BiAcCH 3p0OayMino, INO KOAM PAX 3 NONATHAMH 4YJEHAMH 36i-
raethcs, TO §6{tatitmMeTncsn i BCAKAN paz, onepxkaHul BAKANAHHAM 3
HBOTO OYABAKOrO CKIHYE@HHOrO HHCA4 uaenin aGox - Gesniui qnenia,
[Py YOMY CYMa HOBOrO pAAy MeHIa CyMH nephicroro. »

Anle MOXHE OXEpHKATH Ha6araTo 3araJbHilIRA Pe3y/abTaT, AKIMO.
nop iBHIOBaTH ABa pAAH Mik coGoio.

Hexa#t -

(») ' mtut. ..
i . -

(v) 4@+%+@+m+m

¥ Xa#t, nanpnxnan, MH MaeMo un=n pag n=1,2, 31 u:;:--zy,'m n=4 9,

6, .... Ton, BiAKHAAIQUM TPH mepiyl WACHH DALY, MH 3»011“5&’ ndTaking npo ﬁoro'
a6ixHicTh A0 TATaERd Npo 361xHiCTL cnafnol reomerpnqmﬁ nporpecii.
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EB3 PAAH, BiAHOCHO AKHX BiAOMO, W10 NMPH BCAKOMY 22 MH MAEMO
4, <0, Toni, axmo pax (v) sbiraetscs, sbirarumersca i paa (a);
akuo psa (u) posbiraerncss, To posbiraerscs i pan (v).

Cnpasji, 9epes Te WO Uy < Up IPH BCAKOMY 7, TO CYMa S, mep-
MWRX 7 yJeHiB PARy (#) He NepeBHILYE CYMH S NEPIHX 7 9YJeHB
pray (U) TakoX NpH BCAKOMY n. Aze ToM, nosHayaioun vepes S”
cyMy pany (v), MH Gauumo, 1O Sn < Sy TPH BCAKOMY 7, OTXe, 3pO-
CTa104a NOCAAOBHICTD Sp npsAMye o rpauuui, i pag (#) mae cymy
S'< S, L -

Konn x psan (#) posbiraetncs, 10 Sp HeOOMEMXEHO 3pOCTae pa-
40M 3 1, 4 uepes Te WO S,3>Sy, TO SBINCH BHOARBAE, IO S, BIE Ha-
NeBHE HEO6MeXeHO 3pOCTae PasoM 37, a TOMY paj (v) posbiraeThes.

"Ipuxkaapn 1. Posraguemo pajn

1 1 1 1
@  iptzmtymttamte
SIxmo MH nopiBHAEMO HOro 3 psioM A
1,1 ,1, U
©) sty tmton

TO n06GaumMo, WO KOXKHHHA uieH pAAy (#), nouHHalbud 3 Apyroro,
menmuf Bif TOrQ. uiesa pAxy (v), MO CTOITh Ha TOMY X Micm.
‘Ane pan (v) 36GiraeThca Ax CnajHa reOMETPHYHA NPOFpeciss, TOMY
i pan (u) 3GiraeTbed.

Mpukaapg 2. PosraaneMo pax

1 1, 1
®  gtgtetgee e

SIKIO MH NOPIBHAEMO HOro 3 pAJOM
1,1 1
&) ’2‘+§+---+m+--v-,

70 No6aynMO, WO KOXHHM uleH psapy (z) Memmufi BixnosiaHoro
waena pany (0). Mpu nvomy pan (#) poabiraeTbes, 6o HOré oxep-
KYIOTb 3 TapMORIYHOrO pPsAAy BiIKAJAHHAM NEPWDrO: WJIeHA ULOrO
Ppany, a pos6GixaicTb rapMoHiyHOrO psay GyJa HamH RosefeHa. Ta-
EEM YHHOM, MH 0auuMo, WO piaX (V) Tex noBdHeH PO3GIraTHCH,
Kopncro 3ayBaxuTH, 10 B Liil TeopeMi HeMae ‘MOTpPe6H BHMa-
raTH, 1O6 HepiBHICTb Up < Un (a60 U > Un) 3AIACHIOBANACH HEON-
MiEHO 1/ BCIX 72; AKImO BOHA 3AIACHIOETHCH AAA BCiX, IOYHHAIOUK
# fKOroch, TO TEopeMa JMIIAeThCA CNpaBeAnusolo, 60" MU 3HAEMO,
0 cximuenne. 4uCAO uJeHiB PAAY He BIJHBAE HA NHTaHHA TPO
36iXKHICTD. PR
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Hanpuxaas, xomt 6 MH nOBHHHI GyJH BCTaHOBHTH, 4 36i
TaeThCH psm

: 2. ~3' : n
(k+1)2+(kq_z)z+(k+3)z+---+m+...,

ae k—sfKech nine uiciao, My MOraH 6 mpxysam TaK: Ko.rmn>k
TO

SO  §
(% + ny? (n -}—n)2 T 4n’
OTKe,KOXHUA YNCH PARY, AKHUN BHBYAEThCH, TOUHHAIONH 3 k “+1-ro,
Sinbmui Bimroaizmoro wieHa pany ‘

, 1

a ueit ocraHsif poséiraerbca, TOMY i ‘sajgauufi pAg Takox po36i-
racThCH,

§ 10. Osnaxn Auuﬁepni l(omi.

Cnoci6 nopisHioBaRAA PAAIB NPHBOAHTH HAC A0 ABOX AYXKE MPO+
CTHX i 3PpYYHHX A/t NpUKAazaHns os3uak abixmocti. Mm nicraemo
ix, axmo, six pan (v), 3 AKHM NOPiBHIEMO 3ajanuli pag (w),
Bi3bMEMO reoMeTpHuHy mnporpeciio.

OsHaka lazambepa. Sikuo 8 puai -

sttt

BiiHOweHns n-+-1-r0 YAeHa o n-ro npamye a0 neshoi rpannni i
apy HeoOmeeHOmMy 3pocrmi a

umﬁ"_i‘!.:t,
in

TO Yy Bunanxy, KONH <1, psm amraerbca AKILO l>l, psi pos-
biraeTnhcsg.

o6 xosecTH xuo Teopeuy, 3aysaxmmo HacaMmmnepes, INO KOJH
Bi MHOUICHHS uﬂut uae CBOEIO FPAHANCIO YHCAO I 70, fKe 6 Maae

He 6yJ0 e, NpH ,u;ocmb aezmxouy n, sanpnmx, npH n>p, ME
MATHMEMO

1—e <-y~"—t’-' <l+s.’

Poarmaeuo cnoqa'rxy BHIIAJOK, Koan [<1. Mn MOKEMO B3HTH
e HaCTI/ABKH Ma/JHM, 06 [+ Gyno Bce me menme }. Bsssun ¢
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TaKHM Ccnoco6oM, nosHaunMo depes r cymy [-4e Orxe, r=I+e
ir<l. : o
Inaa Bcix 3HaueHb N Z=p MH MaEMO

Uni1 <r, abo nnyy <rig

Un

0OTXeE, :

Upyt <r Up,s

Upy2 < lipir < 72ttp,
tpy3 < tipsa < rip,
Up i< Pltpiat < PPitg;

" AJe KOMH Upyx < ', NPH BCAKOMY HilOMY R, TO, OTXe, UaeHd
-ROCAHKYBAHOTO DALY, MOMHHAIOUH 8 Upii, MeHI WIEHIB reoMer-
pnuHoi mporpecil - ‘ -

ritg-}-12u, -+ Puy .. .-{,—r“‘u},—l—-... ,

npu YoMy, uepes Te IO #«< 1, I nporpecii cmaama i, OTHKE, €
3GIXHHAM PAROM. 3aigCH sHnAHBae, WO i XaHHA PR 36iraeThCs.
Po3rasHeMO Tenep BHNAAOK, kKoau 1>1. Mu MOxeMo B3iTH &
HacTinpkn Mamus, mo [—e Bce me Giabme 1. [Toxnagemo g =1I—e,
Toal ¢ > 1. ‘ » ‘ B o
IIas Beix 3HayeHb 7, MOYHHAIOUH 3 ACAKOTO P, MH MAaeEMo

-'f;'—:i >q, 860 Uny1 > Qi
n

oTxe,

Upg2 > Qlipr1 > §0p,
Hp4s > QUp+a > 9 llp,

Upik > QUp+r—1 > §Flip.

« ae & e 8 s 8

MYy WIEHH HAalIOro pARY, NOYHHAWOUH 3 Upyi, OlabIH UieHiB
reoMeTpHuHOl nporpecii :

qup + ¢up - @up+.. .+ @'upt-...,
a uyepes Te mMoO ga> 1, To ug nporpecis 3pocraioya i, b'r)xe, € pos-
GixuuM psgoM, 3BiACH MM DPOGHMO BHCHOBOK, WIQ i AOC/ILXVBAHHA
PiA po3biraeTnCs. -
Mpuxaan 1. Posragnemo pan
1 1 1. 1 /
itetrest - tize e



Mu MaeMo :
1 B |

=13 s 1‘.2;3-.;.-n.(n+1')"
TOMY ﬁ ,
lim 4ot gy 128 e n g, 1

o Un n—vo0 1.2.3.. n(n“l-l) ns00 +l

a uepes Te wo 0<1, 10 Ha nixcrasl osmaxn JlazamGepa mu po-
6HMO BHCHOBOK, WO PAA 36iraeThcs.

Mu noGaunmo 1ani, MO KOAH A0 CyMH npore psay poxatu 1,
TO HiCTaHEMO HemepoBe YHCIO ¢— QCHOBY CHCTEMH HAaTypPa/ibHHX
norapudmis.

MMpukaag 2. Posrasuemo pai

. o
'1-+~2—+§+.+-’2-+.. .

Mu Maémo
. : 2n - ;2,‘+‘-
bn=Ts BT
TOMY '
nm"‘““ lim2 7= =)
no M1

a qepes Te mo 2>1 TO 3r111ao a osuaxoxo L[a.naudepa poﬁmwo
BHCHOBOK, IO PAX PO3CiragThed. .,

LllikoM NPHPOAHG aamﬂmu, menmxma ‘cKasatu npo pax, Aas
AKOTO

m % — 17,

n-.-mo n -

Ha pe 3anuTaHHA ROBOAHTHCA BIAMOBICTH TaK: NPH BHKOHAHHI
3a3HaYeHOl BHINE YMOBH DAX MOXE K 361rarncn, Tak i poabiraTuch.
ITepexoHaeMOCh y HbOMY Ha NPHKAIZAX. -

Mu Bxe 3HaeMO, 1O rapMOHIMHHE DA A»
' ELITSE TS T
1+2+3+""+‘n'+"'
g paa poaGixkuut, TIpeTe, a8 HLOLO

Ungr .
b *umﬂ—H , L

3 apyroro 60Ky, KO MH pOsrAgHEMO pAn

1 1 -1
1—:§+§;§+7--,+;;(m+...;
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70 i Aa% HLOTO TAKOX MAaeMO-
i Bt i 2Dy

a0 HWn - n—oo (n+1) (n+2) e
‘ Hpme,_ueﬁ'pﬂn; AK MM 3apas noseneuo; 36iraerncd. 1106 1e-
peKOHaTHCb y LbOMY, 3ayBAXHMO, 11O B
' o1 1 .1
nn+1) n n+l
a TOMy CyMy S, HEpPIIHX n UJeHiB _‘posmanyaanord PAAY MOXHA
3anucaTd y Buraaal ‘ ,

b D)) i)

Poaxpimaloqn AyXKH | BHKOHYIOUH CKODOYEGHHA, MH JIepexo-
HAaEMOCH, WO ) ' o

TR

spiaxu Geanocepefinbo 3pO3yMino, IO - HpH HeoOMEXeHOMY 3pOr
CTaHHi 1 Sp MpAMYE A0 rpanuui {pisnif 1), ro6T0. pan, 36iraeThca.
Jlpyra osHaka 36ixuocTi paAiB, MO TPYHTYETHCH, Ak | o3Haka
Jlanam6epa, Ha nqpiggno_sangif Aa_reouexpxqgojg nporpecieio i mo
HanexuTh Koml, foasrae B TakoMy TBepAXKeHH]:
Osnaka Komi, ko aas psany

| 'm+@+@+m+g“
rpapMis KopeHs 1 - IQ: Ccrefieus 8-n.:T9 WacHa icEye i RopisHioe
AKOMYED UHCAY _ : .
o ‘ limy @ =1,
. fi~+c0 ) . . )
To -y -sanaaky ! <1 paa a6iraetbcn, a npu I>1 psx poabi-
raerbece. : :

Cupasni, fRmo /e rpangud Vi, 10, fike 6 Maie He G6yJO e,
IOYHHAIOUH 3 HEAKOre p, MaTHMEMO

l—e<Vu<l+te n>p.

dkmo I<'1, MH ¥0XeMO NPHOYCTHTH & HACTLILKH MAalHM, IO
14 Bce me wmexme L IMoknanaioud [-}-e=r, MaeMo, OTXe,

r<ii , :

L R - .
Vunry, n>p,
a e O3Hayae, WO ,
Uy K18, Uppt KPP, ttpa2 <1PPR, L,
: 23



OTXK€, YWIeHH HAWoro psxry, NOUMHAIONH 3 p ro; MeHi ujenis reo-

MeTpHyHoi nporpecii «
' r!'+rP+1 +rt’+2+'.. .

Ane us nporpecin e 36ixuuA psux, 6o r<1; 3Biacu BHIIKBAE,
mo i pocaixxysanui HaMu paj Takox 36iraerbes.

Y punanxy, koan I>>1, MH MOXeMO B3fiITH & HACTIAbKH MaJjHM,
" mo /—e Bce me Giapwe 1. [Tokaanawouu q=1I0—e¢, Maemo, OTHKe,

¢>1
~Yepes Te mo
Vu Bn > q,
TO MH MaeMo ¥

up> Q”, up-‘-i > q""", Upya > q"+2; ey

OTHKe, YIeHH HAWOro paAy, MOYHAHAIOUH 3 p-ro; Giabml uneniB TEO-
metTpuyHOl mporpecii

¢+ gt et
fixa € pO3GiXHHM pSAOM, 6O q>1 3 nboro poﬁnuo BHCHOBOK, WO

Halll Paj Tex poadiraeTscs..
Npuxaax L Posmsueuo pax

T+2"§+§§+'"+;‘7!‘+9"'~.

[TpuxaaBmA A0 HBOI'O GBHAKY nomi,’ Aicranemo

lim;/ n=li m7ll-=0’

a TOMY DfiA 36iraeTncs.
[Ipuxaan 2. Posrasnemo paz

RO NE .

3po3ymino, mo

timy Z=lm 2t o
ﬂ".w. .

a TOMY pAaA € po3Gixkuam, o
3aysaxuMo, 0, Tak camo Ak 1 aas osnaku Janambepa, BH-

najox
Him 1/" Un=1
T=~900



e cyMuiBuuM, TOGTO NpH puKOHaHHI Liel yMoBM PaX Moxe sK 306i~
raTacb, Tak i po36iraTHch. Cnpa_an.i, AN rapMomigHOro paay Mm

Maemo .
e M1 (1)7

=lim —=lim| —

fim o n_.ool/n arvoo \ 1

—

1\" : ‘
[ToanauaiouH ('ﬁ = Qn, MH M3EMO

1, (1 Ign
'g“~=7:‘g(7;)=—%»

a Tomy limiga,=0, B YOMY MOXHA ePEeKOHATHCh, KOPHCTYIOUHCE:

R—400
xoua 6 npasuaom Jlonirans. Orxe, lg @, npsAmye RO Hyad, & TOMY
‘came an npamye X0 1, TO6TO ‘

-
lim l/-l— =1,

n-+co n

Takiu WHHOM, MN HEPEKORATHCH, IO KOAK

f}im Vin=1,

TO pax Moxe GyTH pO3GIKHHM. ‘
Ane, 3 npyroro 60Ky, HanpHKAax, AAs PALY.

1 1 1 1
T+§;+§E+...+—ﬁ§+..-)

MaEMO :
— B LY
lim{'/u == lim — =1
n-sco n—+00 n :
n s
1 i . .
6o o mpamye n0 1, a npore, AOCHiNXKYBaHHR PAA 36iraeTbes;

60 xOa¥ aim(m:ym nepunil ujeH, TO B Psll, MO JHIHTECH, TICHA
Mmenmi BiAnoBizHAX uiaeHiB pAAy

1 .1, o, 1
prtestaat gyt

y sGixkunocti ,su’co‘ro MH [I€PEKOHAJHCh, pO3riAfjaioun NPHKJIAH HE
sacTOCOBaHHA o3HaxkM JlanambGepa. ]
TakAM UMHOM, MH GauHMO, IO NpH BHKOHaHHI yMOBH -
n—
limy =1
N—o0

PaR Moxe 6yTH K 3GIKHHMM, Tak i pOIGIKHHM.



§ 1L lﬂrerpa.nbna o3naxa Komi.

Jasa p;mis, .uo AKHX osnaxn I[a.naudepa i Komi He MOXHa npu-
“KJIACTH, JOBOJNMTBHEA IIYKaTH {HIMHX cnoco6is, mo6 3’acyBaTH mH-
“TaHHA AP0 1X 36DXKHICTh. -MH BKaXMeMO OJHH METOZR, INO NPHKJA-
JaeTbCd, NpaBja,"JHIIe AQ PANIB 3 MOHOMOHKOCRAOKUMI UNEHAMH,
ajle MO € Haj3BHYaHHO 3PYyuAHMM. BiH TPYHTYeThcs Ha mnopiBHio-
‘BaHHi JaHOro pajay 3 REAKHM iHTerpasoM, BEpXHA rPaHHLA fKOro He-
~CKiHYeHHa.

Harapgaemo, mo inrerpas

! o0

f f(x)dx |

) b
HA3UBAETLCA 30LMCHUM a60 TaKuM, WO MQE Cymb, AKILO f Hx)dx

APAMYE- XO. NEBHOI . rPaHuLl, KOJH b aeoﬁuemeno apocrae, B bOMY

BUNAAKY MH yuosnaemocn o FPAHMINO NMO3HAYATH- Yepe3 f fx) dx.

Or1xe,

: f fie)dx = lim f f(x)dx
Yy TOMY BHNAAKY, KO/H s rpaunua iesye xonn K rpaHHui Hewmae,

“TO Npo iHTerpan f f(x) dx rosopATb, MO BiH He Mde cymi a6o MO

BiH poslizaemscs,

Teopema Komi, axa nossoase. nupinsmam PAXH 3 iBTErpaNaMH,
YUTAETHCHA TAK: .

Xail f(x) nonarna ¢yuxuis, cnagHa i HenepepBHa, NOYHHAIOUH
3 HEeIKOro 3HayeHHs X —=aq.

[Ipx uHX yMoBax psa

FO+F@ . +f(n)+---

Somt

36iraeibcn; fKwo 36iraeTnesn iﬂrerj)an f f(x) dx, _ p,oaGil;aeibca,

AK110 uedl interpan posbiraerncs. ,

Ias TOro mo6 ROBECTH LIO TEOPEMY, POSIAAHEMO rpa(bix byHxK-
uii f(x). 3a ymosoo s OyHKumia AojaTHa | cmajge, NMOYHHAIOUH 3
X =a. KpiM Toro, nouHHaious 3 @, BOHa wenepepsna. Pynxuia f(x)
Moxe OyTy JiBlle TOYKH a uaai'rb PO3PHBHOIO, HANpHKIAJ, He-
onexguo apoc-ra'm HaBKOJAO AKOICH TQYKH ¢, AK ue 366pan§eﬂo
Ha DHCYRKY (pHc. 5). Ina mac BaxanBo, mo npasime @ Qynxuis
f(x) cnanae 1 nenepepsna.

BigmitTaMO Ha oci a6cuuc TOUKR M, M, ..., Mn, ... 3 KOOpIH-
natamu 1,2,3, ..., &, ..., i Hexah & € yaiimenue piae yucao, Giapme
@ a6o pisHe fomy (Ha pHCyHKYy k==3). ¥ Toukax Ms Mgy, ...,
M,, ... NOCTABHMO MEPHEHAUKYAAPH A0 oci abCHHC RO NEPEeTHHY
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ix 3 kpuBow y.= f(x). Xali A, € Touka Ha kpuBifi 3 abcuucoio My,
Toai il opaumara popieuioe f(n). [1poBesemo 3 TOUKH A, napanens
n0 oci abCcHMC A0 MEpeTHHY 3 OPAHHATOI0, NOCTABJEHOI B TOYIL
Mpi1; xalt B, — TOouka mnepeTHHY. 3po3ymino, WO NPAMOKYTHHK
MpApBaMpyy MicTHTH naOLLy, OOMEXeHYy KPHBOIO, ODAHHATaMHY,
nporefienuMl B My i Mpnyy, 1 BicCio aGcuuc, 60 3a yMOBOIO KpHBa
y=Rx) cnapae, i, orke, MakCHMaabHa 1i OpAMHaTa Ha BiApi3KY
MM, 6yne B 1Quui M, Tomy, yepes Te 10 BHCOTA PO3CAALY-
BaHOTO NPAMOKYTHHKa HOPIBHIOE f(n), a ocHoBa — oxuHmui i, OoTXKeE,

anoma #oro popisHioe f(n), MH MaeMo

Mpq1
[fixydx < fin).
My
y
. 6,
s;l . fi é
10 - 4
P A
' .
R
1 4
e e : A, B,
: f(‘ﬂ : c Anﬂ
: {q
: foy g
L L i ,; b i 1 M
¢ 0 MI .‘K";a M, M, M : CoMy VMn'_ﬁ X
Puc. 5.

flkmo noxaMo BCl TaKI NPAMOKYTHHKH, MOYHHARIOUH BIA TOYKH
Me i 1o touku My, TO AlcTaHEMO '

Main _

) e <J R+ 1)),
R,

Ane, 3 apyroro 6oxy, KO 3 TOYKH A.i1 IPOBEAEMO Napanens
D oci afcuuc A0 MepeTHHY 3 OPAHHATOIO, NOCTaBJAEHOIO B TOYmi
TO micraHeMO sKych TOUKY Cp, 1 3pOsyminio, O HPAMOKYTHHK”
feCaAny1Mny1 uepes Ty x MOHOTORHICTh ynxuil f(x) micTHTbCs
peanul nmiowmi, g6MexeHol KpHBOIO, Biccio abcuuC i OpAHHATAMHU
woukax M, i Mpy1. ToMy, 3ayBaHBIIH, MO BHCOTA PO3IAANYBA-
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HOrO NpAMOXYTHHKa € f(n-1), a OCHOBA 3HOBY AOpiBmoe 1, 3nafi-
AeMO
Mn-i-l

frt1)< ff(x)dx

Jlogaoun ui uepinuocri nic'raﬂeuo aHajaorivHo A0 monepexs
HbLOrO ' :
M”+1

FE+ 1)+ f+2) oo b fin 1) < Jrwas |

[licas nux nonepeAHix poO3raAAaHb nepefmeuo A0 Aosenenuﬂ
Teopemn Komi.

Axmwo {HTErpan f f(x)dx 36iraeThcs, e O3Hauae, MO icHye
a

1] ;
rpaHanA iHTErpasa f f(x)dx npn neoGmexenomy spocrauni b. Ye-
. T a .
pes Te mo f(x) npn x>a nomaTtHa, TO i3 3pocTaHEAM b i{HTerpax

f f(x) dx moxe TIABKM 3POCTATH, a TOMY NDH BCAKOMY b MaeMo
a - .

& oo
Jfix) dx < [fix)ax.

3sigcn BHNARBae, ul0, Ake 6 He‘ 6yno n, MK MaeMo
My :

[ nax < ffm ax,

a ToMy, uepes re mwo a-<< M, TO
Mﬂ+l

fe+ 1) fl+2)+...+ A +1) < J ﬂx)dx<ff(x)dx
3BiACH BHNJHBAE, MO y PAAY

fle 1) 47k ... )+,

Bcl Y/JEHH AKOTO AOMATHI, YaCTHHHI CYMH JHIIAIOTHCS OOMEKEHHMH,
a ue, 9K MU 3HaeMo, sabesneuye foro 36ixkHicTh. OTKe, ipan

O+ @+ A F B+ ..+ +..,

mo BiZpisHAEThCH Bij MONEPEAHHOrO KOXABaHHAM CKIHUEHHOTO yHCAa
JOAaHKiB, -Tex 36iraeTbca. Taxum qauou, nepmua NOJOBHHA TeopeMu
Komi nosenena. ,

[punycramo 'renep, o f f(x)dx He Mae cy'ti ‘-Iepea Te WO

fx) .uozla'ma, TO fﬂx) dx 3poctae pasom 3 b Swmo f f(x) dx He.
28



4ae cyTi, Ile OSHava€, WO f f(x) dx neo6MexeHO 3pOCTae Pa3oM 3 b,

N . a . -
50 KOAM 6 BiH, 3pOCTaIOUH, JHIIABCH o6MeKEeHHM, To noBuHeH 6yB GH
TpAMyBaTH JO neprOi rpauuii. 3BiAcH MH ‘po6HMO BHCHOBOK, WO
a1 Mpyr
f f(x)dx, a oTxe, i Mf f(x) dx, mo siapisuaeTsCs BiX HHOro Ha CKIH-
a k .
4eHHY BEJAHYHHY, MOBHHEH HeoGMeXeHO 3poCTaTH MPH HeoOMexe-
HOMY 3pOCTaHHi 7. A 4epe3 Te 1O
Mppy

)+ b+ D+ +10) > [ ds,

TO YAaCTHHHI CyMH pAny
fR+fle4+1D)4...+Am)+...

HepGMekeHo 3pOCTaloTh, a TOMY DAX posGiraeTpcs, OTike, 1 mep-

picanit pian
. f(l)+f(2)+‘--+f(k)+-9',+f(n)+.~--

TaKkoX poabiraerecd, '

TaxuM -yuHoM reopema Koumi minkoM IOBEXeHa,
_ Tloxaxemo Ha npukaapi, fk il NPHKAAAATH RO ROCAlLXKeHHS
361)KHOCT] AedAKOro AaHOro pany.

Xafi pano pan

1 1 1 1 .
T‘;+ §;+§+...+F+...,
JAe p—crane jojaTHe HHCIO. :
3ayBaxumo, mO o3naka JlasamGepa B HbOMY BHNANKY Higoro
dge nae, 6o : _

.(nbp
Jim === Hm\ a1 =1

Cnpo6yemMo NpHKAACTE TYT TUILKHIO AOBEJeHy TeOpeMy Komii,
Jias uporo moGepemo dynkuio f(x), MO 3a10BOAbHAE yMOBaM Teo-

pemu i Taky, mod f(n)-=-’:—p. Slkmo MH posrasHeMo GyHKuio flx)=

1 ‘ '
=-:v-; T0 06aUNMO, 110 BOHA AOAATHA JUIA BCiX JOJATHHX 3HAYEHD X,

menepepBHa BCIOAH, KpiM TOYKH x=0, i cnajae npu 3pOCTaHHi X
{60 p> 0 3a yMOBOI).

M# 6aunmo, MO 33 @ MOXHA NPHAHATH 6yabsike A0JATHE YHCIO,
manpukaan, a==1,1i ToAi ¢dyHKUis 32A0BONbHAE BCiM YMOBaM TEOpEMH.



3Biacn BUNAHBae, WO PO3TAsfyBanuf psf 36iraeTbCs a6o po3bira-
€TbCH, 38JI€XKHO Bil TOro, 36iraerbcs uH posbiraeThcsa interpan

o0
dx
X"
4 » 1
Tyr nosenersca posragnytu OKPEMO JBa- BUNAAKH: KOJH p =1

i xomu p#£1. v v
SAkmo p=1, mu MaeMO cnpaBy 3 iHTErpajom
. oo

fdx :
x ., .
1/
Ane yepes Te mo
b

b
‘d—x=1’n'b, TO ]imfijf=+oo,~
R . - 1

o
dx ‘ ‘, S
a ToMy ~ > o LiKaBHTh Hac, posGiraeTbca. 3siicu BHIJIHBAE,
1

wo i nHam pan;‘qﬁfg'_p--—‘-l» posGiraertses. Le itinkom HOrOJXKYETbCS
3 panilie’ BiiOMuMN nam Qaicramd, 60" fipy p=1 psa neperso-
PIO€ThCA B yie BiROMHA HaM rapmonlemuft: :

1,1 1 1 .
1—+§+§+---+ﬁ+---»

PO3GixHICTL siKOro Gyaa pamime zoBegema. _
Posrnsimemo temep Bumazox p £ 1. B IbOMY BHHNAJAKY MH MaeMO
b “ tiLeEe ’*'- B . B

ax_ 1 1 [ 1 (1
X 1—p xp=1 AR ETIVE '
1 :

-~

Haa TOro mo6 AidHATHCH, YH HpAMye ueH BHPA3 RO rpaHuui,
KoM b HEOGMeXEeHO 3poCTae, PO3r/ITHEMO OKPEMO BHMAJAOK p > 1
i Bunagok p.<1. '

: 1
ko p>17 TO Lp =1
CTaHHi b, i, oTxe,

b

npsMye A0 HyJs NPH Heodmemeﬁomy 3po-
dx Cfdx 1 _V

Otxe, B ubomy BHNAajky iHTerpan 36ira€Tncd, a TOoMYy i pan
' 1 1 1 1 : '
 mtmtmtet gt
36iraeThcs npu p> 1. o
30



= b~ P HeOOMEXKEeHO 3pOCTac NpE

(e

b1
: . L dx . ‘
HeoGMeXeHOMY 3pOCTaHHi b, a Tomy iHrerpan 7 po3biraeTscs, &

oTxe, i pan
1 1 : 1
i7+§17.+'“+ﬁ+‘“

posﬁxraenca mpu 0<p<1.

Jlo uboro MOXHA JAOJATH, IO KOJH p<0 TO n-% 4jeH papny
HE NpPAMYE A0 HyJAs NpH 7 HEOOMEeXeHO 3poc'ra!oqouy, 1 TOMy pAX
Tex po36iraetbcs.

Pealomyloqu BCE CKasaHe, MOXEMO 3p06mu TaKH#i BHCHOBOK :'

paa

T,-,Jr-2;+...+;+...

, .
‘36iraeThca npu Besikomy p > 1 i poaGiraeThes npu Beakomy p<Cl.

Tenep Mu MOxemo HabaraTo IMHpUIE NPHKJAaAaTH TeOpeMy Inpo
nopiBHIOBAHHA pAAIB, 60 MaeMO B CBOEMY pO3NOPA/KeHHI Ge3siy
paliB, moBeAlHKa AKUX BiAOMa: ChpaBAai, HANAIOYH YHCAY P PisHHUX
3HaueHb, MH JICTAEMO pi3HI .pAAH, 3 WIEHAMH SKHX 4acTO GyBae
JAErKO TOPIBHATH YJIEGHH JAaHOTO PALY.

Hanpukaan, posragseMo pan

Inl , In2 Inn

Vi +1/2 +-. +V +...

Hi oasaka [lanamGepa, Hi o3naka Komi He 103BOJAIOTH CYyRHUTH:
mpo #oro sﬁixmicrb -Ane kOau mu noplmmeuo fioro 3 pAAOM ‘

n0Ga4uMo, mo»sin NOBHHEH poaﬁ_iramcr:, 60

pax
RINEUTI SRR
12 22 32 n2 ’
pulﬂen pos6iraTACh y HAaCAiLOK TIILKAIIO AOBELEHOrO, 6o TYT
=3
3



[lozi6so X0 ubOro NErKo KOBECTH, L0 PAA

1 1 1
. 1.2'-3+‘2.3"-“4+"~'+n(n+1)(n+2)+"'
36iraerpca, 60 ujenn Horo MeHmi lmeHiB 36i>xuoro psaay
ptgte bt
60 TYT p=3.

Hasenemo me omuH npukjax Ha 6e3nocepezme NPHK/IA KAaHHA
“TeopemMy Komi Xafy .u.aao paa

2In 2+3 In 3+ +(n+1) ln(n+1)+

X%’ T0 dyHKuwia f(x) a1a 3na-

YEHb X, 6iAbIHX 1, 6yze momatHoIo, HenepepsHOIo i cnaayo. [To-
KJIABIIH, Hanpmman, a =2, MA MOXEMO Ha MiACTaBl TeopeMH Komti
“TBEDAHTH, mo pPaA 3a3HaBaTHMe 3MiH TaK camo, K iHTerpa’

Akmo MH NOKJIagEeMO f(x)—-

o0

fdx
Xinx®

2 .

Ane
dx

e
2'm=lnlnxé=lnlnb—-lnln2,

a TOMy NpH He06ueixenouy apocranni b BiH HeoOMexeHO 3pocrae,
i, om{e,f nx e Mae CyTi. BBlncn BHIVIHBaE, IO PO3rAsALyBaHHR

Ppan poaéirae'rbca.

§12 npo nepecTaBIRHHS 'uexil pany.

Has panis 3 JAOZATHUMH HIEHAMH ,u,incﬂe Take nanssuqanno BaX-
JINBE TBEPIIKECHHSA :

Cyma s6ixnoro psay 3 AONATHHMY YACHAMU HE SANSKHTH BiR
NIOpAAKY uieniB pany, aﬁo, imaxmie, xBa paAu 3 NOJATHHMH 4ie-
HaMH, U0 BiADISHAIOTBCH TiABKH MOPSAKOM csoix yaeHis, MaloTh
onny K Ty W cymy.

Hacamnepen nam tpeGa 3xcyaam, Hlo came’ MU posyuieMo nin
‘C/IOBAMH : ,JABa pPALH

() m4ut.o.un...
(v) - V4. ...

BIAPI3HAIOTHCA TIABKH NMOPALKOM CBOIX UJEHIB®. ll;m l.lbOl‘O Hacam-
nepe] 3ayBakHMO, IO KOJAH B OAHOMY 3 LHX PHAiB € Gessriu oana-

R



KOBHX 4JeHiB, BiAMiHHEX BiZ HyJd, TO Takhi psi NOBHHEH DQ36i-
TaTeCh, 60 TOAl Horo n-# wieH He NPsAMYye A0 HYJS NpH HeoOMe-
xkeHomy spocrauni n. Tomy sKmo 3a yMOBOIO TEODeMH pO3raaia-
10TbCA TiJbKY 361X HI PALH, TO MM MaEMO NPABO BBAXKATH, M0 KOXHHA
pAX MOXe€ MaTH TiMbKH CKiHYeHHe uHCJIo BiAMIHHMX BiA HYJs OAHAa-
koBHX usenis. lIlono uJaenis, piBHUX Hy.JieBi, TO iXx MOXHA BiIKHHYTH,
60 BOHM He BILIMBaIOTh Hi Ha 36ixkHicTb pARy, HI Ha HOrO cyMmy.

BcraHoBuBUIM I, MH MOXeMO CKasaTH, o Asa psau (z) i (v)
BIAPI3HAIOTHCS JHINE MOPAAKOM CBOIX YJeHiB, AKINO KOXHE YHCJO,
AK€ € YJIeHOM Nepuoro psaipy, BXOAHTb TaKOXK 1 B Apyruil psan,
i 10 Toro criibku x pasiB; i HaBNAKH, BCAKE YHCJIO, IO € YWICHOM
apyroro psagy, ¢irypye i.B nepmowmy, i 40 TOro 3HOBY CTIJIBKH X
- pasis.

Hay TtpeGa JOBECTH, WO KOJW paj (V) 3biraeTocs, TO pan (u),
AKH# BiADI3HAETbCA Bifl HbOrO JMIIE MOPSAKOM U/eHIB, TaKoX 36i-
raeTbCcd 1 Mae Ty XK CyMy.

- CnpaBai, xa#t s, € cyma n nepuux wieiB paay (u). Yepes re
| IO KOXHHA 3 IUX UIEHIB HEOAMIHHO € AKHMCh UJICHOM pary (v),
.TO, B3SIBHIM AOCHTBL BeJHKE 4YHCJAO, Xxalt m, NepHIHX uJAeHiB LbOro
pALy, MM HOCATHEMO TOro, MmO cepex HHX 6y11y'rb yci mepuii n
ynenis psay (). SAKmO on € cyMa m nepmnx uwieHiB pagy (v), TO
MH, TaKuM tumou;, ‘6a4YHMO, IO NPH AOCHTb BEJIHKOMY m

Sn < Sm.

Ane psag (v) 3a ymoBOWO 36iraetbcs; xaﬁ V —fioro cyma. Yepes
Te WO Bcl uAendw paAgy (v) noxaTHi, TO o < V npH BeAkoMy m,

a TOMy v
Sa < V.

Mn nepexoHajsucs, mo Bcl acTHaHi cyMH panxy (#) oGmexeni i
He Giabmi V, tomy psax 36iraernca, i fioro cyma U noBuuHa 6yTH
MeHma a6o nopmmosam V. Ane wuepes Te mo MH MOrau 6 mpo-
Bectn Bel T x MipKyBaHHs Aad paay (v), MH mepexoHaauca 6, mo -
V< U, 3siach unausae, mo U=V,

§ 13. flpo aGcomoTHy i yMOBHY 3GikHiCTb.

Hoci Mu posrassand THALKE DPaAH, BCl YJeHH SKHX AOAATHi.
Bce, mo 6yA0 mpo HHX CKasaHO, MOxHa Oy/a0 6 IOBTODHTH AJf
_paxis 3 Bi’eMHHME wiedaMmH, aje ne O6yJao 6 3oBciM jgapemuo, 6o
OAHMH 3 UHX BHOAAKIB 3BOAUTBLCH A0 APYFOro HIISIXOM. MHOXEHHS
Bcix wieHiB Ha —1; BiX uboro Hi 36iwkuicTb, Hi PO36iXKHICTL He
suingThes, TiAbKH cyMa 3MiuuTh 3Hak, Posrasp paais, y sAxax yci
Y/]eHd OHHOrO 3HaKa, KpIM JAedKHX, npu CKIHYEHHOMY . YHCJI, TeX He
AacTb B90ro HOBOro, GO HPH PO3B'A3aHHI NUTAHHSA NPO 361)!(1-!1(:’1‘]:
a60 po36ixHICTL 3B2aXKATH HA 1 WIEHH He JOBeAeThCs. SIKUIO PONOHO-
BaHHH psj 36iraeTbca i AKIO, HanpHkAaj, yci AOro wieHw, xpiMm
CKiHYeHHOr0 4HWCaa, AOJaTHI, TO CyMy psaAy AiCTaeMo, IKULO BITHATH
3 pARY, CK/AaJeHOro 3 CaMHX TiAbKH JOJAaTHHX uJeHiB, cyMy abco-
AIOTHHX BEJHUYMH BiZ’eMHHX WIeHIB.

8 2960, Teopis pmnie . . 33



Takum YHHOM, iCTOTHO HOBE MH MOXEMO OJAE€DXKAaTH TIIbKH TOAi,
KOJaH 6y11eM0 po3raAiaTH PSAH, mo MicTare Gesnly AOAATHHX i
Gea/iiy Bin'eMHHX U/eHIB,

Psaau Takoro poay HOAiNAIOTLCA HA JBAa KJ4CH, iCTOTHO BiAMIHHHX
ONVMH Bil OAHOro, A0 PO3rAALY #KHX MM 3apas { nepeinemo. -

Xalt MH maeMo pax

u1+u2+...+un ‘*F-... .

PosriisHeMO BOAHOYAC i3 HHM pHAZX, cmaneunﬂ 3 a6como'mm
BeJHUYHH WIeHiB AaHOro psanxy, To6To

AR RSN PRI

Lefi pax 3 nOKaTHHMH YJEeHaMH MOxe fK 36iraTuch, Tak i pos-
6iratuchb. Beememo Take oaﬂaqennﬂ, fKe ﬂ.a.ni BigirpaBaTHMe Bax-
JHBY PpOJb.

Pan

u1+a,+...+u,.

Ha3uBaEeThCA a6como'rﬂo 36imHuM, axmo 361raeﬂ>cn pan
A P PP LT oP

ckaafeHuit 3 aGCONIOTHHX BEAHYHH noro -memn.
Koan w nanuft panx

”1+u2+ +u,,+

: 6il‘a€TbCﬂ, TOALi SIK PAld, CKAAAEHunA 3 a6como'rnnx BeJAHYHH #oro
ynenis, po3biraerbcd, TO poamnnysanun PAL HA3HBAETHCA YMOBHO
36iKHUM.

Hacamnepeg MY NOBHHHL Bimpamxam uasny »a0COJIOTHO, 361K~
HU“, TO6TO JAOBECTH, WO PAX, AKOMY MH 3apa3 JajH TaKy HasBy,
Hacamnepex €. 30lkHAM y panime BKa3aHOMy poayMinni, iHaxme
Kaxyud, 10 Y TaKkOro pAAy CyMa M NepDLIHX YieHIB NpiMye 10
neBHOI rpanyili, KOAH 72 HEOOMEXEHO 3POCTaE.

1106 repeKOHaTHCh y LbOMY, CKOPHCTAEMOCh 3 TEOpEeMH Komi
AKy, X0u i 6e3 NOBeAEHHd, MH Hanu B § 8.

Hast roro mo6 psan

u1+u2+...+un+

6ys 36i:xuuM, HeOGXiZHO i mocuTs, w06, sike 6 Made He 6ya0 10-
JaTHe HHCJAO &, MOXHa Oyjo 3HaliTH Take YHCI0 N, mo lum BCiX
n>N i 11a Bcix uingx p .

| Sntp—8a | <.
Tyr s, —cyma n. nepIuux. q}xéﬂik pPOSFJas JyBaHOIO 'pggy;, 3, TOMY
" Swtp—Sn=Hast+ Hnpa oA lngp
" Maewmo ‘ ’

ISt — 5n | = tmtat Bata-t o+ g |< s |-Htmsal . it
. | |



SIKWO MH yepes oy MO3HAUMMO CyMy n NepUHX WieHiB pagy

AR S A S P R

TO, OTHKe,
I Snyp—Sn ] < ] Ontp—5n }

" Ane ocranmif PR, 3a yMOBolo, 36iraeTbcsa, 60 manuit pan € pag
a6CoMOTHO 36ikHuA, a e O03HAYa€, WO 306iraeThCst psx |u, |4 | u, [+
ozl ToMy Ha mincTasi Teopemu Komi moxua CTBep-
JAXYBATH, 110 KOJH e AaHe, TO 3HaAAAETHCA Take N, mo | Oppp — 5y |<e
A7 BCAKOro 7> N i AAf BCIKOro mWAOro p. Ane toni :

ISn+p_‘sn,<lcﬂ+P__°”,<s’

a.ue # NOBOAHTB, IO AOC/IMAKYBAHUH pan 36iraerbcs. '

Taxum umnoM, Mu E€PeKOHaNUCH, MO BCAKHA aGCOMOTHO 36ik-
HHA pan e pan 36iwuul. h A

Ilpore, oGepuene TBepmxenns HENpaBuJbHE : iCHYIOTb PAAH, WO
36irajoTecst 6€3 TOrO, MWOG 36iratucek a6eomorno. Came muM panam
MH % JNaeMO Ha3By YMOBHO 36ikHHX panis. 1lo6 mepexonatuces
B iCHyBaHHi TAaKuX DAAIB, MH BHBYHMO TaK 3BaHl 3HAaKONOYepexHi
jpﬂlIH.‘ ) . X

§ 14. 3nakoheypprMni paau.

Psan sasuBaeTnes SHAKOIIOYEePEeKHHM, AKLUO HOro 4/7i€HH noye-
Pezxﬂ_o TO AOAaTRI, TO Bix'emHi; Takum Gyne paa

Uyt uy—uy 4, L (— 1)t Un...,

ie BCi 4YJeHH ul,‘ Uzy..., Upy... JOJATHI.

Bignocuo sm_axonoqegemunx PARIB MOXKH2 0BECTH TaKy Teo-
)My, 0 HaxexHTb Jle#6ninosi, ' .

Akmo B SHaKOnoOYepeKHoMy psaxi -

' . “1,—”2+us“"4+---+(—1)"f1“n+;-'
MaeMo
LZ>2W>...>u>...

limg, =0,

n=+00

Taku#l pax 36iraerbes.

Cnpasaj, UPpHIYCTHMO, IO Ui YMOBH BHKOHami, i ro3rasHeMo
S NEPWUX 27 YiAeHIB psny. Mu MOxemo ii 3anHcaTH B ABOX

Son = ( - ug) 4 (us — u,) T oo (B — Uzn)

Son = thy — (U3~ Uy) — (0, — Us) —...— (uz,.l_z——uzn_}) ~— Uop.
' 35



B Koxui#l 3 mEX piBHOCTER yci AYMKH XOAATHI B HACAIXOK YMOBH .

1y = Upe1 NPH BCAKOMY k. 3. mepumioi PiBHOCTI 3pO3yMmino, WO
S >0
[ 1o
San == Son—2 -+ (Han—1 — U2n) > S2a—3,

T06TO 1O NOCHAIAOBHICTb BEJNHYHH Sy, € 3pOCTarO¥a MOC/TIZOBHICTH
JONATHKX uHcea; 3 Apyroi GopMyaH BHAHO, MO BOHA OOMexeHa
3BepXYy, 60 Sen<<#;. OTie, npH HEOOMEXKEHOMY 3POCTamHi 72 CyMa
s, npimye no mnesHol rpamuuml S, maomatrol a6o pisnOi Hysesi.
Ane piBHICTB . ,
Son+1 = San—{ Uzn 41,

B AKi Ugpyr NPAMYE O HYJAA TPH HeOoOMexeHOMY 3POCTaHHi R,
noKasye, WO Spy1 NPAMYE RO Tiel X rpanuui S npu HeebMeKeHOMY
spoctanni n. Kideus - kiHiem MH MOXEMO CKa3aTH, IO S, NpAMYyeE
10 S NpH HeOGMEXKEHOMY 3DOCTaHHI 1, OTXe, Psif 36iraerTncs i
Mae 9HCAO § CBOE CyMOwo. Mu, xpiM TOro, nepexoHaiucd, IO
0< S< u,. Bunanox, xoqn S=0-—rpusiaasaufl; y HpOMY BHNAAKY

u1=u2, u3=u4, csoy u2ﬂ__] =u2n,-.‘. .

dxkmo MH BisbMeMO nepiii n 4YJaeHIB pALy, TO OCTaua paLy €
(—1Y'rs, me :
Tn= un+1_un+2+un+3—un+4+- oo .

Mn 6auEMo, MO PSN AAS 7, € SHOBY 3HaKOMouepeKHuh i Takuf,
10 3aK0BOJIbHSAE BCIM ymoBaM TeopeMH. TOMYy MH MOXKeMO CKasaTy,
uio 0 rn < tps1, IPH HOMY 7n =0 TOAL, KON Hyi1=Hni2 Uni3=
— Upsty -.. . Llefi BHNIAROK yepes HOro TPHBIaNbLHICTL MOXHA Bif-
runyTH. OTie, 0<rn < #as1, TOMY PIBRICTD .

S=sp4-(—1)'ra

foxasye, 110, 3aMIHHBIIH S Yepes Sy, MH GepeMO HaG/MIKEHHS 3 He-
0cTadelo a60 3 HAJBMUIKO, 3aA€XKHO BiX TOro, 9u O6yae ocTaHHIA
3 HeBIAKAHYTHX WAEHjB BiX'€MHUM 9H ROAATHHM aGox mnepumHi
3 BIAKHHYTHX uwieniB Gyje AOAaTHUM HH Bil'€MHHM. i
[loMunka, AKy MH POGHMO, KOAM 3aMmiHseMo S uepes s, 3a ab-
COJMIOTHOIO BEJMUHMHOIO MEHIIA, HDXK mepwHil 3 BUAKHHYTHX WieHiB i
oanoro 3Haka 3 HuM. CyMa S Glabma Bia OyApsKol CyMH S, 3 map+
HuM iHAexcoM i MeHma, HiX 6yabsaKa cyma S, 3 HelMapHAM IHAEKCOM.
Ak mpHKJAaj PO3rASHEMO PAX :

SR SRR L
1-—2+3 - 4+...+( 1) n+
3a.Teopemoio Jlefibuina Bin 36iraeTsbes, Go -
1.1 1 1
1>§>5>Z>"'>ﬁ>"" »
= 1

i ' ‘ lim — =0,
: n—oo 1
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SIKo MH 3ax0oueMO HaGJHXKEHO OGUHCIAMTH CYMY UbLOrO pARY,
TO, B3ABIUK mepii 7 HOro uxeHis, Mu JicTaHeMO HaGJMXKEHY BeJH-

1
YHHY CYMH 3 TOUHICTIO KO 2 1 Npy YoMy AKINO 7 mnapHe, TO

HaGJMKeHHS] B3ATE 3 HEAOCTauelo, a fAKIO HemapHe, TO 3 HaABHII-
Koo, Hampukaax, MH MOXEMO CKasaTH, HIO cyMa S LbOTO Ay

. 1 . 1,1 5
6inbia 1——§==§ i Menma mixk l——-§+§_6-. :

Lleft npuknanx unikaBu#l THM, IO NOKasye HaM icHyBaHHA YMOBHO
36ixHux psanis. CnpaBml, MM NepeKOHaAKCA, WO NONEPerHift psAx
30iraeTbca; aje pafl, ckJAagenuil 3 aGCOMOTHMX BEJAHYHH HOro uJe-
HiB, € : :

N R SUNNT WER

Lle rapMoOni4HHA psaf, i ME 3HaeMO, O BiH pO3biraeThbed.
Posrassuemo apyruft npuxaag. Xa#i gaHo psj

I R

1 1 \—1 b ¥
S TR v B S S v h roeerrin LT

Jlo uboro pamy Mox'm}t npuxkAacTe teopemy Jle#iGuina, ane ro-
BeCTH HOro 361MHICTh MOXHA B iHAKIUE : KO MH PO3IJISHEMO pak,
CKJafeHn# 3 abGCOMIOTHHX BeAHYHH AOro 4ieHis

1 1 1 .
1+T-—2+'1"-2-3+_"'+1-2-3-....n+""

TO NepeKOHaeMOcd, MO HeH pAA 36iraerbcs; A0BeCTH 361kKHICTD
MOXHA Xoua 6 NpHKAaAanuaM o3HakH JlanramGepa (MH BXe pO3rif-
Ranu uell pax y § 10). Tomy sazammfi pax e a6COMOTHO 36ixkuHA.
Ilporunexno pANOBI, PO3rAFHYTOMY B NONEDEANLOMY RPHKJAAAI, BiH
30iraeTbCs AyXe MIBHAKO, TOOTO TPeGa B3ATH JHINE HEBEJIHKE YHUCAO
wiedis, 106 oxepxaTH AOGpe HaGauxeuus. Cnpasai, Ha mipcrasi
BHKJ3aICHOTO BHILE IIPO 3HAKONOYEPEXKHI PAAH MH MOXEMO CTBep-
{YBaTH, 110, B3ABLIM 3aMiCTh CYMH PAAY CyMy KOrO 7 MepuiuX 4je-
8, MH POGHMO MOMHAKY, He 6iAblly aGCOMOTHOI BEJHYHEH 74+ 1-FO
'eHa. Hanpuxaan, yssABIIH CyMy Nepmux 6 wieHiB, MH 3pO6HMO
‘MHJIKY MEHIIY HiX ‘ :

1
1.2:3.4.56.7 5040°

§ 15. lIpo nocratui oanami 36ixnoc'ri'psnis.

Mu nepexoHnanncs, mo psn MOxe iHomi 36iraTHch He TOMY, MO

HOro IBHAKO MNPAMYIOTb MO HYAs, @ TiAbKW 3aBAAKH inTep-
peHUIl XOAAaTHHX i Bin'eMHMX uJAeHiB. ¥ UbOMY OCTAHHLOMY BH-
XNy, SKIOO TINBKH DAX HE € 3HAKONQUEPEKHHM i TaKuM, KO AKOrO
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MOKHA NpHKAACTH TeopemMy Jle#Onina, HeMae HifAKUX 3arajbHHX
npufiomMiB, MO AO3BOJAITE CYAUTH MPO HOro 36iKHICTH abo pos-
GixHICTh : JOBOXHTBHCA JAJA KOXHOrO PsAy OKpeMO IIyKaTH THX
up iHHIMX MeTOAIB PO3B’'A3aHHA LbOrO NHUTAHHL.

Hasnaku, 14 psafiB, y SKHX 36GiIXKHICTb BHKJIHKAHA HIBHAKHM
npIMyBaHHsM 10 HyJs iX uieHis, cnpasa CTOITh AYXe NMPOCTO: MH
nepekoHyemocs B ix 36ixkHocTi 3aBAfiKM TOMY, IO 36iraeTbCs pAx
3 a6COMIOTHUX BeauuuH ix uwienis. Hanpukaan, pax '

sin>  sin3% sin5z sin(2n—1) z
4 4 4 4
5t — 23———...—|————————-—» o +...

He € 3HAKONOYEpeXHHM, GO B HbOMY fBa NEpIli 4ieHd IOJATHI,
npa manabmi Bip'emui, mOTiM 3HOBY ABa gojaTtsi 1 T. A. O1xe, Teo-
pemy Jlefi6nina 40 HbOrO He MOXKHA NMPHK/IaAATH. AJe KOJIH MH
DO3TAAHEMO pfif, CKIajeHHfi 3 aGCOMOTHUX BEJNHYHH HOTO UJeHiB,
TO Ue Oyne psax o

1 + 1 1
2.2 2’-1/2+"'+ 2"-1/§+"' ’

" - 1
SKHH 0JE€PKYEMO 3 TEOMETPHYHOI Nporpecil i3 3HaMEHHHKOM g W

XOM MHOMXEHHS BCiX 4J/eHiB Ha —173; oTxe, octauniit psag 36iraerbes,

i, TaKMM UHHOM, 3afaHHi Psf 36iraeTbcs aGCOJMIOTHO.

Orixe, B 6ararbOX BHNAAKaX NHTaHHA Npo  36ikHICTH pARY,
4/leHH AIKOro fK pojathi, Tak i pix’eMmi, MOXHA 3BECTH AO TIHTAHHA
npo 36ikHiCTb PEAY 3 CAMHMH TibKH NOJATHHMH YICHAMH.

Ias 6inpmoi sicHocTi MH 3apa3 choOpMymioeMO JesKi TEOPeMH,
WO AO3BOJSAIOTh CYAHTH NPO 301KHICTh PAAY i WO € NPOCTHMH BH-
CHOBKAMH BiKe BIIOMHX HaM TeOpeM 0OpO PAAH 3 AOAATHHMH dYje-
HAMH. ’

Ko uneHu pspy - -

u1+u2+7...+un+...

3a aGCONMOTHOIO BeaHuHHOI0 MeHwi a6o pisHi BixnoBignum duie-
uam 30ikHOFO paay '

 ataH-...tant...,
ne Bcl @y, @aye..s @ny... AOAATHI, TO Aannii psan 36iraerbcd, i a¢

TOro aGCoNITHO. :
Cnpasnl, -3a yMOBOIO MaeMo

|| <an n=1,23,....
ToMy pAX 3 AOZATHHMH UJIEHAMH -

[ Lty L



Ha MACTaBi NPHHIHUNY NOPIBHIOBaHHS pazxis (§ 9) nosuuen 36iraTuce,
60 pan a;+a;4-...+ a,4-... 3a ymosow 36iraeTecd, a ue O3Ha-

uae, MO AAHHA DI
| Lttt F ...
36iraeTbes “a6COMOTHO.
ITpukaan Posrasuemo pan
sinx , sin2x

‘ sin nx ‘
T+_"§T'+"'+—nz +.0

Ae X —GynbsKe CTale 9HCIO. Uepes te mo |sinnx| <1, axi 6 He
6y ni x, To ‘ .

sin nx 1
n |

Ane psag ‘
1 1 1
1—3+27+"'+Fi+"'

€, fIK MU 3HAa€MO, 36iRHHA, TOMY faHHD pAx 36iraeThCs abCOMOTHO.
Tak camo osmaku Hanam6epa i Komi g03soasoTh nam Y JAesaxux
BUNANAKAaX pPO3B’A3aTH NHTAHHS npo 36ixwuicTs PAAY, HaBiTh KOJHU
AOro wieHum me roxatHi. Hanpukaan, mu- Moxemo BOBECTH Taki aBi
TEOpEeMH ; ,
Slkwo aas pany
' L 20 P A R

MaeMo
N

—_—

&n

4
?

lim

n~—00

OpH 4oMy p < 1, To psx 36iraeTbes, i 40 Toro a6CcoNIOTHO ; KOAM K
p>1, To pan po36iraerncs,
i anasoriguo:

Slkwo ans paay

a1+uz+...+an+...l )

MaEMoO _
lim ;"/]u,. |=p,

axe o<1, o psn 36iraeThben, i 10 TOro a6CoNIOTHO ; KOMH ¥ p > 1,
TO paj po3biraeTbcs. ' '
Unya

CnpaBni, sxkmo lim

=0

==p, Ae p<1, 10 3a osnakoi0 MaraMT*

Gepa psx L ‘ : ‘
lu1|+luzl+~4-+1”{=l+r--



36iraeTnca. Te came Gyne Ha miacrasi osnaku Kour, Axmo

Hmy (ua| =p, Ae p< L.

n-—+0c0 .

Tomy jmocaigxysaHu#i psif B 060X IHX BHIagkax € abCOJMIOTHO
36iKHAH, :

11lo6 nposecTH, MO psAf po3biraeTecs mpH p>1, He MOXHA NpoO-
CTO MOCJAaTHCh HA T€, WO B UbOMYy BHOAAKY 3a o3Hakoio Janam-
6epa a6o Komi psa, ckiageHufi 3 aGCOMOTHHX BENHUHH, € PO36ik-
Huifl: MOxe G6yTH, WO psf, AkMA MH BHBUaeMo, 306iraerncd, axe
ymoBHO. [Ipore, sKIO .

Uni

n

‘ lim

=0

=p, nelp>1’

TO, TOYHHAIOYH 3 XEAKOrO p, MH 3aBXKIH MaTHMEMO
|ny1|1>|ual, n>p,

a ue MOKasye; WO YJIEHH PALY, NOYHHAIOUH 3 SKOTOCh MOMEHTY,
3pOCTa0Th 32 aOCOJIOTHOIO BEJHYMHOIO, i, OTe, N-H WIeH psny
He MOXe MpPSMYBaTH A0 HyAS NPH HeOOMExeHOMY 3POCTaHHi n;
TaKUM YHHOM, PSAJ NOBHHEH PO36iraTHchb.

Aunanoriuno, AKO

llm]/'l |u,,]=p, xe p>1,
n—00

10 |/|n| > 1, NOYHHAIONA 3 HEAKOrO N, a TOMYy i |#s|>1, TOGTO
3HOBY TAaKH WICHH PAXY HE MOXYTb NpPAMYBaTH IO HyJd; OTKe,
Bid poabiraerscs.
[Mpukaan 1. Pan
cos;— 'cos3-} _cos (2n—1)%
—3—-—}———3,——— +---+—'-—§r“——+---

36iraeTbcd, 60 '
V2. 3n 1

Upi1

n

= lim §<1.

i ——
m nroo 1/ 9.3n+1

N=—+C0O

Mpuxkaapg 2. Pan

WIS,

n

pos6iraerses, 60

o /T =TV . (2n—1)
i =t/ (2 = im () =21
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§ 16. Baacrasocti a6conoTHo i yMOBHO 36immux paAis.

Mpunycrumo, mo B AKOMyChb pami

“(u) wmuwt. a4
YaCTHHA YJeHIB XOXAaTHA, 4 YaCTHHA Bix'eMHa.
Xaft .
@) ' ptptoo oA
€ Pal, CKJaZeHuR 3 yciX AONATHHX WIeHIiB pany (a), a
) 9i+g4...+gat...
€ pax, ckJaageHuil 3 a6COMIOTHHX BEJIHYHH yCiX Bix'eMHHX uJjeHip
pany (a). ' ~

HoBezxemo taky reopemy:

Slkmo psax () 36iraerbca abcomoTHo, TO o6uaBa paay (p) i
(9), cknageni 3 fioro RoKaTHUX uNeHiB i 3 aGCOMOTHHX BEIHYME
fioro Bix’eMHHX uieHiB, 36iraloTbCa; KOAH K pan (u) 36iraerscs
YMOBHO, TO o6GHaBa paau (p) i () posbGiraoTecs.

Cnpaeni, axmo pax () sGiraetscs aGCoMIOTHO, TO pAL

(ul) : [E2NE e 2N SO o 3 B S

3biraeTbest. Koam x 3 mpOro pamy Bukpecamtd Bei YWIEHH, MO €
MOLy/AMH JAONATHHX UYA€HIB ARy (4), TO pAA, IO JHLIMBCH, 36i-
“KHTbCA 3 PAAOM (¢). Ane BiH nmoBHHEH 36iraTHCh, 60 KOAH B 36imk-
HOMy pszni, BCl 4iaeHn Axaro moxartwi, YCYHYTH OYAbAKI UYIEHH, TO-
PAL, IO JHIIHBCSH, 3aBXK AU 36iraTuMeTsCs. OTke, pan (¢) 36iraeTncs..
Ane Tak camo, AKmO 3 panxy

() lmlHml b

YCYHYTH BCi Y/J€HH, IIO € MOAYJAIMH BiJ’€MHHX uJeHIB pany (u),.
TO zicraHeMo pax (p), i Tak camo, AR y NOnepesHbOMY BHNAAKY,.
‘MH 6ayuMO, WO Bin 36iraeThes. ,

ITpunycrumo tenmep, mo psax (u) 36iraetocs, ane yMoBHO. Lle
:03Hauae, mo psA (|u|) posbiraeToea. Yepes Te mo Bel wierH Horo
JMOAATHI, TO PO3GIKHICTL HOrO BHKJAHKAHA THM, IO HOr0 YAaCTHHHI
‘CYMH HEOOME@XEHO 3pOCTaioTh. Xafl on—cyMa n OepPmMHX YJeHiB
JBOrO PARY i Sz—CyMa n NEepmHX YJEHIB NEePBICHO AAHOro psLy
Etl:’). Cepexn uwrenie pany (Jz]) smaBaeTbcs sxach KiabKiCTD, Xalt m,

OJATHUX, IO BXOAATb Y On, | fIKaCh KiNBKiCTH, Xait k, Bim’emuux,.
B0 TaKOX BXOUATb Y o, MM MaeMO TOAI, NMO3HAYAIOUH yepes P, i
CymH m i k mepmyx uneris paxis (p) i (q);.

°n=Pm+Qk)

PPH YoMy m+k=n,
3 apyroro 6oky,

Sp= Pm - ka
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60 cepel n-uepwux wienis paxy (u) 6yme m momaTHux. i R Bix'-
€MHHX, NPH 90My Ii OCTaHHi BXOllﬂTb y pax (#) Bxke pasoM i3 cBOIM
3HAKOM.

Koan n pounHae HeOOMeXeHO 3poCTaTH, To m i & TaI{O)K He-
-06MeXeH0 3poCTamTb, IHakme B paAl Oyao 6 aume CKiHIEHHe
YHCJAO AOAATHHX abo0 Jauime CkiHYGHHE YHCIO BiJ'eMHHUX uJeHiB, 3
Toil BiH He Mir Gu 3b6iraTHch 6e3 TOro, -moO6 36iratuch abCOMIOTHO.

3BlacH BunAWBAE, WO m i k 3poc1‘am1‘b pasoMm 3 n. Axae uepes
Te mo

P,,,=_-°"';S",

On'— Sn

Qk—.—: 2—_; 7

IpH YOMY o HeOOMexeHO 3DOCTAE pasoM 3.7, a S, HpAMYye 1O
\ neBHox rpasuui S, 60 pan (#) s6iraeTbcs, TO 3BIACH BHIJIHBAE, O

Prni Qe HEOGMEIKEHO. 3pPOCTAI0Th NMPH HEOOMEKEHOMY 3POCTAHHI m
i k, a Tomy paau (p) i (¢9) posbiraroTbcs. -

Taxum uuHOM, MH 6ayuMO, IO KOJH Ha aGCOMOTHO 36iLKHHA
PSA MOXHA MAMBHTHMCH K Ha PpI3HAII0 ABOX 36iXKHHUX pALiB 3 1O-
ZaTHHMH U/EHaMH, TO AJSl YMOBHO 36iKHHX PAAIB Le Bike Gyne He-
NPaBUJALHEM,

3 mielo TeopeMOl HafmiJbHilIe MOB'SI33aHe MHTAHHA NPO mepe-
‘CTaBAAHRA WJIEHIB PALY.

JloBeneMo Take BawJHBe TBemeemm

Sikuo paja 36iraeTpcs a6coAwOTHO, TO ROr0 CyMa He 3aJ€XHTD
8iJ NOpsAKy Aoro uaeHiB, abo, imakiie KaxyuH, asa abGcoaioTHo
36imni paam, mo Binplsumorbcn ONHH Bix OAHOrO JHHIE MOPAA~
KOM CBOIX yieHiB, MaioTh OAHaKOBY CyMY.

Cnpasni, Mu TinbKumO AOBeaH, IO a6COMOTHO 30ixHME PR
MOXHA PO3IIANATH fAK PI3SHHUIO ABOX PAAIB 3 HONATHHMM WIEeHAMH.
SIk1l0 MH NOYHEMO NepecTaBAATH. IKHM 3aBrOJHO CIOCOOOM 4YIEHH
PALY, TO mnéyBa'mMyTbcsx NepecTaBAAHAA B IHX Dpslax. Ane B
§ 12 Mu Gaumau, WO B paAfi, BCi 4JeHH AKOTO IONaTH, MOXHA 3Mi-
HIOBATH NOPANOK YJEHIB #K 3aBrOJHO, He 3MIHIOIOYH ROrO CYMH.
TaxuM 4HHOM OOHIBA PO3rAAAYyBaHi PAAM MHC/AS MepecTaBIsHHA
MaTEMYTh yce Ti cami £yMH, a OTKe, i ZaHHR pAR, IO € IX pisHH-
uew, sbepexe Ty XK CyMmy.

Llielo TeopemMOi0 MOXHa KOPHCTYBAaTHCb AJIA 3py4Himoro o6umc-
JeHHI CYMH DARY.

Hanpuxaan, skmo xano pax

o G e

TO MM TEepeKOHyeMocs B fioro abconoTHift 3GikHOCTI, GO

o el o el
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€ PsA, onepxypanHfi i3 cnaaHdl reomerpuunoi nporpecii mwagxom
NEPECTaBJAAHHA KOMKHOTO 4YJeHa, 1IN0 CTOiThb HA HEnapHoMy wmicni,
' Ha cycigme npaBopyu napwe, i Hapmaku. Ase B psaiax 3 AONATHHMH
YACHAMM NEPeCTaBJsATH WIEGHH MOXHA, i 36LkHicTh npH 1bOMYy He
NOpYWHTbCA. TakuM wuuHOM, psix (2) sGiraetbes, a Tomy pax (1)
36iraetbca abcomoTho. Lle n03Boasie Ham NePECTABUTH HOro yJaeHu
fIK 3aBrOAHO, 30KpeMa MEepPeTBOPHTH HOro B psx

D —( G =)+ + ()
(\ —\9 9 9 9 "'+(—' ) 9 +"-:
a 1e# pag e FeoMeTpHYHa mporpecia i3 3HAMEHHHKOM f% i mep-

HIHM qneﬁb_m —é. Orxe, cyma pany ('3), a:oTxe, i pﬁny 1) e

3BepHeMO yBary Ha Te, mo NpH JOBEeJeHHI TEOpPEeMH MM KOpH-
CTaJHCh a6COMIOTHOI0 361XKHICTIO AaHOrO pany. Iloxaxemo, mo Teo-
pema Bxe He 6Gyje npaBHJIbHA, AKIIO pAA 36iraeTeCA TIIBKH YMOBHO.
IHaxme. xamyun, €PEKOHAEMOCH, MO B YMOBHO 3GIHOMY DAZi Bix
NEePeCTABAAHHA WIEHIB CyMa MoXe 3MiIHHTHCD. '

Ue moxHa 6aunTH 3 TAKOTrO NpHKJAALY..

Posrasaemo psan '

‘“%+;7;_"'+-("1)""f',17+"i :

Mu Bxe 6aumnu (§ 14), mo Bin 36iractned, ane 36iraeTbes YMOBHO.

[To3nauumo wepes S #oro cymy.

, 3pobumo Tenep y mbomy psaxi Take NepecTaB/aHHA YJAeHiB: 3a
KOXHHM JOAAaTHHUM WIEHOM NOCTABHMO jaJbIli ABa Bil'eMHI; Mu

AicTaHeMo™ psj

1 1.1 1 1 1 1 1
O I=s—ityests ot

a6o, iHakue,
| 1 1 1 1 1 1 1 oo
,(1‘5)‘2"'(5—6)*§+(§*m>“’rz+---,-

. e
- BUKOHYI104H BifHIMaHHA B KOMXHiH Ryxui, saHatizeMo

. ' 1 1,1 1 1 1
@ e te s Tzt
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1
KO TYT BHHECTH 5 33 HYXKH, TO B IYXKKaX AiCTaHEMO mnep-

Bicuuit pax (1), a ToMy cyma HOBOrO psaay (2) AopiBHIoe %S. Takum

YHHOM 3aBJSIKH NEpPECTapJfHHIO WICHIB MH 3MEHUIHJM CyMy PSAy
BIBOE.

He caia BBaxatw, mo Takvil Wa nNepmisH Norasjg HaA3BMuUaHHO NMapagoKCanbHHiL
pe3yJbTaT MH OepXailH 3aBASKH TOMY, INO MH CHelialbHO B3fAH ,HEBHAIHH® pAanm.
PiMau 10BiB, IO BJACTHBICTE 3MIHIOBaTH CBOI0 CYMy Bil NepeCTaBiAHHS WIEHIB Mae
6yabsxui yMOBHO 36ixnnii paa. Diable TOro, nepecraBisiioud RIANOBIAHHM CIOCOGOM
WieHH YMOBHO 30lkHOro pajy, MOXHAa OfepaTn GyApsixy cymy. Teopema Pimana
GOpMYTIOETRCS TAK: .

ko paA 86iraeTbcsi YMOBHO, TO MOYHA TaK NEpPeCTABHTH HOFo WAEHH,
mo6 3anoBO oxepxkanuil pal Mas GyAbAKY Hamepej 3ajasy CyMY; MOKHA Ta-
KoM JHoGuTHCHL TOro, oG HoBNA pun Gys poalbiwnnm.

11106 moBecTu e, pO3rigHEMO YMOBHO 3GiXHHIH pan

) L o e T
Xaf

(r) p1'+P2+-'-+Pn+---

€ pfa, CkJafleBHH 3 ROJATHUX udeHiB pany (u), i

(@ ataat.. 4 gt

€ pAn, ckaanenult 3 abCOMOTEHX BeanwMH BIX'€MHHMX uneHiB paay (u).

Mu pxe Gauumam, WO A% pary, sxud abiraerncs ywosno, oGuasa pasu (p) i (¢)
posbiraiorses. ‘ . . ) .

Xait M — Oynbake 49uci0; ROBEAEMO, N0, B34BIIH HAACNMHM YHHOM IOPSROK
yiaenis y pani (z), MB MoxeMo noButHCh Toro, mo6 #oro cyma nopisaiosana M.

JIna nesHOCTl HPHIyCTHMO, 10 M — Rogatse wucho. Bisbmemo B pant (p) crinpkn
nepmux uneHis, ckiapkH NOTPi6HO MAS TOro, MOG IX cyma 6yaa Glmpmz uucra M.
e saBxaH MOWNHBO, 60 pan (p} po3biraerbcd, a ToMy Horo wacTauui cyMu HeoG-
MEXEHO 3DOCTalOTh Pa3oM 13 3pOCYARRSM UHCAA IX wieHIB. Mu 6yneMO CTeXHTH 3a
THM, 1006 wiewlB 6yAa0  B3ATO TOUHO CTIALKH, CKiAbkM TOTPIGHO, MO6 NEpEeBHMINTH
M, ane ue Giapmwe. lHaxme xaxywu, Mu BisbMeMo nepuwi k& waeHis y paai (p), npu

qoMy
ptpt P> M,

ane Kold 6 MH B3s4H TITbKH B — 1 ujenis, TO Maan 6 e
‘ _ ptpit P <M

BisbMemo tenep y paai
(—9) — Qe s _
CTi1bKH NEpIIMX wiIeHiB, Xall m, ckizsku NOTpi6HO AAs TOTO, 106, NOAABIIH iX AO
CYMH Py 4P+ ...+ pr MR OnepxaiH

ot A ——a = —q, <M

Lle 3aBKAH MOXJIMBO, 60 YacTHHHi CyMH pARY (— g) HeOGMEKeHO 3DPOCTAOTH 33

a6CcoN0THOI0 BENHIHHOW. [IpH ubOMy MH NORGaEMO Npo Te, W06 y3ATH YHCAO m

MiHiManbHUM, TOGTO W06 NpH MeHIOMY uMcaAl sxeHIB psay (— g) nmonepenus Hepis-
HiCTH We He 6y.ua BHKOHaHa, {HaKmie Kaxyuw, mod

Prtpet . o=t =Gy 2 M

flicas mporo 3HOBy BisbMeMO B paii (p) (3 Akoro Bike YCYHyTi mepuii 2 wuie-
HiB) CTinbkM uieniBs, ckinbkH noTpi6HO, W06, RomaBmy IX A0 CyMH py - p,+-...+
+ Pr— Q1 —gg=—+..~ (,, MH Onepxanun uucio, Gimbme Bix M, npum yomy
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niox6aemo, AX 1 B nepiiHii pas, mo6 AAA uporo. 6yno B3ATO He Ginbine wienis, HIX
noTpi6Ho AAf BHKOHaHHA niel HepiBHocTL. IIpumycTumo, mo nux uwienis J, tont

ptpte o= 4 —te— . — 0t Pry T Prpa TP > M,
axe _ ,
Prtmtec A te——0— o = QP Pyt F P <M

Tenep 3H0By GpaTHMeMO 3 psaay (— q) CTUIbKH uwieniB, CKLIBKH norpi6ao, w06
nonasauHs ix KO cymu pr-+pat...+Pe—G—Ga—...— Gyt Priy+Prrat

e o Ppyy BMYCHIO WO CYMY cratu << M, i 1. 1. v

Mu no gepsi OpatuMeMo WieHH 3 paRy (p) i 3 paAy (— ¢), CTEXKAYH KONKHOTO
pasy, mo6: 1) He BxuBaTH WieHis, Akl Bie 6yau B3aTi, 2) GpaTH TOYHO CTIMBKH wie-
HiB, CKizbKHM MOTpi6HO, W06 oAepikaTH IIYKaHy HepiBHICTb, ale He Glabuie.

Ipouec no6yaosu Bcranosienuit. Jlosenemo, mo noGynosanuit psg 36iraerbcs
i Mae csoelo cyMoio 3afane yncio M. Cnpasil, IKINO MH Bi3bMEMO CYMy 72 NEpUIHX
ujeHiB nOGyAOBAHOTO WaMmu DALy, xak o, i sigmimemo 3 mei M, To pisnung ¢, —M
sHeckinuenHo 6arato l’?:‘13113 3MiHIOE 3HAK; Yy THX BHNAAKaX, KOA¥ BOHA JAOMATH2, BOHA
MeHIIa, HiX OCTaHHIH pojaTHHH uaeH, WO MICTHThCE B cyMi o, 60, xoam 6 upOro
He Gyno, He NOKa3yBaAo O, L0 MH B3AAH NiAPAX HagTo 06araTo AOJATHHX ujeHiB ;
KOMH ¥ pisHHLA c,,—M Big'eMHa, TO Yi a6Ccojl0THA BeNHYHHA MeHHia, HIX a6CcoJioT-
Ha BEJMYHHA OCTAHHLOIO BIA'€MHOTO 4HCAA, MO MICTHTHCA B o, Axe uepes Te wUIO
yjeHu psanis (p) i (— g) npamyoTh A0 Hyas B MIpy 3pocTtaHHs ix lHAaexca, 60 BOHH
€ ujgeHamy pany (u), 301KHOTO 3a YMOBOIO, TO 3BiiCH BHIUTHBAE, IO i3 3POCTaHHAM A
abconoTHa BeaHuYMHa 93 — M npamysaTuMme IO HyJs, a He noka3ye, mo psax 36i-
raeTbes i Mae uucao M csoe€io cymvio. )

Tax camo MoxHa 6yJ0o 6 3MYCHTH pazn po36iratMch. Jasg 1ubOro ROCHTb Y3ATH B
pani (p) crTiibkH wAeHiB, cKinbkH NOTPI6HO, o6 1x cymMa Gyia Giabiua 1, nOTIM ysatu
OIHH uieH 3 pany (— q), DoTiM y paai (p) CTiibkM wieHiB, w00, HOAABMIM iX AO
Bie OJIepKaHOT CYMH, OJEpIKAaTH pe3yibraT, Olabluui 2, HOTIM Y3ATH ONHH UjeH 3
pany (—¢q) i 1. & B psaal (p) tpeba Gpatu criapkm unenis, cklibki HeoO6ximHo, 106
NIepeBHUIHTH 71, Ke n nocaigoBHo mpobiratuMe Bel uial 3HAYEHHA. 3p03yuino, wo
onepxanuii pax 6yae posGixHuM, 60 MOXHA 3HaUTH Takl 3HAUCHHS Ny, Ng, ..., Ry oo,
LRl AKHE Sy, Spseeey Sppee HeOBMeXeHO 3pOCTAInTh, 4 TOMY HE NPAMYIOTb Hi X0

AKOi CKiHuEeHHOT rpasHIi.
Jas xpamoro posyminns MeTOLy, AKHM JOBeieHa Teopema PiMaHa, po3riasfeMo
KOHKpeTHu# npukaad. [Ipunycrumo, mo norpl6Ho B pani

1 1 1 n—11
1—-§+-§—z+...+(—-—l) ;—{—

. , 5
TaK NepeCTaBHTA uieHH, WOG CyMma foro KopisHioBaxa WHAy .

Tokaxemo KilbKa MOYATKOBMX KPOKIB TOTO NpOLeCy, 3 AONOMOTOI0 SKOT0 MH
Bob’emocy MeTH. Jlas nbOro po3rAsHEMO XBa PALH :

S B .1
Q) It gt gtot ot
! ’ i
11 1
(2) _-'Z—-Z—F—.H—i;;—.“.'

cknafenl 3 caMHX AoJaTHHX 1 CaMHX BIA'€MHHX WieHiB NaHOrO psiy.

B panl (1) Tpe6a B3t ABa mepumn uieni, 60 xoxH 6 y3wAM TiAbKHM ONHH WieH,
ropnepmannﬁ 1, mo menire 7+ A%e cyMa nBox nepimxx gaenis € 1+;3 =-§ > T
He tpe6a 6paru Giabloro yucia wieHis, 60 NBOX yxe NOCHTH AA4 TOro, mo6 oxeps
WATH CYMY, 6Vinbmyfz. TakuM unHOM ABa nepiul YieHH pAAY, AKHA MU OyayeMo
AAnyTh .

14 3
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Bisbmemo Tenep y psal (2) cmouaTky oMMH uaeH, TOAl
1 1 5 ;)
I+g3—3=5<%-
Orske, OXHOTO uleHa NOCHTb, IO6 cyMa Gyia Bie MeHIIA -i— BiabMemo 3H0BY

3 paay (1) 4reHH, MOYHHAIOUH 33. Uepes Te mo HOXABaHHA TiMbKH —1- e He

5
. 5 31 1
Hae uyucaa, Oiabuioro T 603—{— T =35 TO JNOAAMO e 7 TOARl aictaHemo

1 247
1+3 ”2’""3"‘-7 210° .
o S5 1
ane # ue Bce me <T; 10JaMo mie § ; depes Te 1o
247 811 5
S
10 Ginbme AOJATHHX uaeniB Opatu He 6yneuo
Tenep 3HOBY mOwHeMo HOJaBaTH BiX’ euni unenn. JlotuTh jAOFaTH TIABKH -WieH
—_ —1 60 Toml BME MAEMO

A]o{

1 1 1 1 1
I+3—stst7Ts 1
Mpunnun o6uncAeHb 3pO3yMinuil.

§ 17. Apmpuemqni onepanil Hag plulamu.

B § 6 Mu 6aunan, MO KOMH HBa pALH

(1)  mtmdedmt...

; _

) ' R B Ay
36iraioThCs, TO 36iraloThes i PAAH .

3 (ay +v)) + (a2 +v2) 4. +(uu+'0n)+

i

4) (@ —v)+(m—v)+... + (U — )+ ...,

IpH HYOMY CyMa Py @) e U+V, cyma pany (4) e U—V, ne U
i V—cymu paais (1) i (2).

Tenep, Ko/u BBEJEHO MOHATTH a6coamoTHol 36i)l(HOCTi IO Teo#
peMy :OXKHA JONOBHHTH TaK:

Sikio paau (1) i (2) s6iraioTeca a6comoﬂ|o, 10 1 psum 3 i
(4) 36iraloThcs aGCONIOTHO.

CrpaBai, MH MaeMo

| ttn = Un | < | #tn |+ | V| n=I, 2.0
i rakox

Nn—a| < Jttn|+|Vn]| =" °
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BeTaHOBuBIIK 1€, TPHNYCTUMO crouatky, mo Bck U, i Va m;
zatHl, Toai 6yAyTb AOoJaTHHMH i BCi W,; B Hachiox momepe i
3ayBaXK€Hb MaTHMEMO

Wn < UnVn.

Aze uepes te wo U, npamye no U, spoctaioun, i V, npamyé
a0 'V, spocrawuu, To UV, < UV, a Tomy ‘

W, < UV.

3pigcu BUNAHBAE, IO 4aCTHHHI cymu psaay (w)ob6mewxesni, a TO-
uy pax (w) sbiraerscs, i fioro cyma W< UV. JlnmaeTbes nose-
CTH, 110 BOHa He Moxe 6yTH < UV. : '

Jlast usoro 3aysaxumo, mo uepes te wo U,V, npamye no UV
TO MOXHA B3fTH TaKe BeJuKe p, HO :

Upr > UV —e,
e s—sK 3aBrOJHO MaJje XOJaTHE WHCJO. AJe MM 3HAEMO, WO MpH
n-+1>2p mu Maemo -
W, > UyVp>UV—¢,
TOMY '
Wo> UV —¢,

a4 yepes Te IO & fK 3aBrOAHO Male, TO 3BiACH BHNJ/HBAe, INO rpa-
auud Wa ne moxe 6yt < UV. Takum uunOM, ‘

w=UV.

OTxe, Jas BHOAAKY, KOJAH 4WieHH paxiB (#) i (v) momartui, Teo~
pema JOBEJeHa.

[IpunycruMo Temep, mo uieHu paaiB (#) i (v) mawoTs AOBLIBbHL
3gakd. Ane yepes Te wo pagu (#) i (v) 3a ymoBow 36iraioThcs

aA6COMOTHO, TO PALH
lag | ug| 4. ..+ tal 4.
|‘Ull+l‘vzvl+...+"vn!+...

€ 361KBHMY PAKAMH 3 KONATHMMH uJeHamd; xa# U i V' —ix cywd
i U, V,~—~CyMH n Nepusx 4/eRiB NHX PALIB.
SIxnio MH CKJAafeMO DS '
(w') ‘.w;+w;+...+w,’,+...
ne : - _
=y || Vn|+| ]| Vaes |4+ tal] V1],
TO B HaCAifOK Ti/IBKHLIO noséneﬂol ‘TEeOpeMH uelt pan 36iraerncH,
i cyma fioro W =U’V'. lNosnauumo uepes W, cymy mnepunux #s
uJieHlB ULOro pARY. '
Ane 3posymijo, wo ; ~
Wal < W,
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60 a6conMoTHA BEAHYMHA CyMU Meniia aGo Jopismuioe-cymi aGcoaors
HHX BeJIMYWH AONAHKIB, TOMY i3 36ixHnocTi psaay (w") sun/ausae,- 50
psan (w) 3biraeTbca abCOMOTHO. JIHIIAEThCS ,u,osecm, wo #oraQ: cyma
AopisHioe n06yTKOBl UV

Poarisuemo Bupas UsVn— Wa, ¥ HpOro BX0maTh yci Tl uienH
Ro6ytky U,V,, siki He 3ycrtpivalotbcad B W, TOGTO UJIEHH BHLAALY
UV, nre k+z>n+1 ane k+i<<2n. 3po3ymino - TOMY, WO BU-
pas UV, — W, oaepxyerncs 3 U,.V,, Wha, -SKmo- .Bel  YHCAA U4y,

fy,..., Uy, Uy ... 3aMiHHTH 1X aGCOMIOTHHMH BEJHIHHAMH, ToMyv
IUan""" W"|< U’:‘V,;—W;,

60 i B LOMY BHNAJKY MOXHA 3aCTOCYBaTH TeOpeMy: a6COMIOTHA
BEAWYMHA CyMH MEHIIA CyMH abeOJIOTHUX BEJAHUHH JOMAAHKIB. -AJe
Ko/u 1 HeoGMexeHo 3poctae, To Uy, i V, ‘npamyiots no U'i V', a W,

npamye g0 W’; mu x smaemo,mo W=UV, tomy vt —W, nps
MYE 0 HYJd. BBiJI,CPI BUILIABAE, 1o

ov—wig

aje uepes Te mo MOIYJb ycaxoro lmc.lxa ‘a6o. RojatHAR, a6o XO-
piBHIOE HYJEBRi, TO 3BIACH BHIAHBAE, mo ~

UV=W,

mo i Tpe6a 6yn0 AOBECTH.
Posrasgnesmo npukaaf, Xaft' norpi6uo TIEPEMHOXHTH p;um

1+x+x2+*?'-'+x’l+',! * .
}-x+x2_+(_ 1)n~,1xn,+”.; ,

Ae X—siKeCb CTaJe YHCAO, Take, w0 |x|< 1.

UYepes Te IO KOXHHA 3 POSrJAsAyBaHHX DAAiB € reomerpuuHa
mporpecist, T0 3 | x| <1 BHnamsae Ix abcomiorna 36ikuicrb. Ciaa-
EeMO 32 BKA3QHHM BHINE NPABH/OM WIEHH DAAY, MO:€ HOOYTKOM

m4X JBOX PAAiB:
=1.1=1,
,—1 (—x)+x1=—x4x=0,
wy=1-x24 x-(—x)-4 X3 l—xz—x*+xf—x’
p=1- (—-—x"’)+x'x3-]—x’(-—x)+x' 1’=~—x3+x3——x’+x‘——0
..c.pcot.l‘l'OO.IIQ.'.'DO'....!C

= 1.7~ 2 o x (— x2—8) | &3 (x3—4) -, X221 = = x2—3;

sepe3 Te mo uneriB 2n—1, 10670 HEmapHe YHCIO, KOKHAfA 3 HHX
popisaioe a6o x2*—%, afo —-—;c“"—2 i MO TOro 3HAKH .uepryioThes,
TOMY BCi wieHW NONApHO CKOPOYYIOTBHCHA, KPiM ORHOrO, a ne i nae

.”f'l —_— x‘Zn—-Z. ‘
O=1: ("’~ "Czn~1) + x’xzn-‘" '*’&:(ﬂxm)'*"-- 9'«"“{""‘:\2”’—1' 1=0;
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gepes te WO uaewis 27, T06TO napHe YHCIO,. KOXHH#l 3 HHX Jopis-
HI0E 260 — x2—1, 260 x%*—1, i snaku uepryloTbcda. Tomy n00yTOK
HalmuX pALiB € pAn i

. l+.x’+x4+...+x2”+... .

3 3araabHOi Teopil MH 3Haemo, WO LUEHA psJ MOBHHEH 36iraTach
a6comorio npu | x| <1 i mo foro cymMa noBUHHA AOPiBHIOBATH A0-
6yTkosi cym samaHux paxis: Ha pasomy npukiaal ue Jerko mepe-
Biputh., Cnpaszi, nepmuik psx € reOMeTpHIHa nporpecia i3 sHameH-

T—x Ay
THit PAJ € TeOMETPHYHA Nporpecis 3 NepUM YICHOM 1 i anamen-.

HHKOM X i NepuiuyM 49/eHoM 1, TOMYy HOro cyma AopiBHIOE

HHKOM — X, TOMy HOro cyma paopisHioe m Orxe, 100YyTOK
NOBUHEH MaTH CyMYy '

%

1 11
T—x. 14x 1—x2°

Ane no6yTox uef caMHA € reoMeTpHYHa_ Iporpecia 3 -nepuIHM
ynenoM } 1 smamenmukoM x2. Yepes Te mo |x|<1, To [x?[ <1,
3BiAKHM BHAHO, O Nedl psa cupasai a6coaoTHO 36iraeThbes, i 3a pop-
MYJOI0 A CYMH TeoMeTpHuHOi mporpecii BuAHO, IO HOro CyMa
JAificHo mMOpiBHIOE ‘

1
1—xz"’

[Toxamemo Tenep Ha npHKAaii, MO TeOpeMa NPO MHOXEHHA pA-
AiB yKe He Moxe OyTH NPHKJajJeHa AO YMOSKHO 306ixHHX psiiB.
Jlns upOro MOKAXKEeMO, M0 AO6YTOK ABOX YMOBHO 30LKHHX paiis
MOxe pOo3biraTuch. L -

BisbMemo pan

1 1 | 1
l———=t—=—.. .+ D) —=...
—vatysT et
i nirgecemo fOoro A0 Kaé.,upaTa,"roG'ro NOMHOXHMO HOro CaMo Ha
cebe; alcTaHeMoO R T

Wy=1- [(__])n—-r_.l._]_l_ (.._ _}_.__) [(_])n—z__l__;] +

SR N Y vt L Y n—1] "

T e oy 1
’ N = cor —1 "—1-—1-1,
e ?..;an--z];f el

TOMY o

AR TN BENES WAL I 1
R 7 P e R e T

Hesaxxo joBecTH, mo HeA BHpa3 He NpaAMYe JNO symﬁ, Ko n
neobMexmeo apocrae. Crnpasal, B wit Cymi # AOJAHKIB, NPH UOMY
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1
KOXHuil 3 xmx Mae BHraaL Ae k npobirae 3ua-
EYn—kF1’

YeHHs Bl}l 110 7. Bupas x (n — x-}1) Kocsrae CBOro MaKCHMyMy NpH

n
= ~7_“2:~ , 3BiAKH 3p0O3yMifo, IO npn n HemapHoMy HafiMeHIIHM 3
JOJaHKiB 6yne !mea ‘ h

2

‘/n—l—l l/ n+1 T AT
a npn n napﬂouy TaKHX zzo,z(amda 6yne 2, a caue"
l/ ‘/ ]/2+1 l/n—_(2+1)

Vn(n—l—_?) n—lj2 ,

3BijACH BHIJHBAE, WO NPH dynbaxouy‘n MaEMo

[n|> 1

n+2’

OTXKe, W, He npsMye A0 HyJs IPH HEOOMEKEHOMY BpOCTaHHi n,
hdmm YHHOM, pfAJ po3biraerncd.

h JlnuaeThesl PO3TAANYTH Wie OAHy onepantio, a came disenns panis. [onlants
| A4 o . .

wtw+t...Fw,+4...

m pax i

@ uy4ust...+ugt...
oaHauae 3HaHTH TakH# psa :

() : vl-}-v,—l—...-i—v,,—!—...

mo6 no6yrox papie (u) 1 (v) crasoBus paxn (w).
Ane xoqH pap (W) € TaKHM quy‘rxou, T0

L ol UM PR S0

3BificH BHIMIMBAE, IO KOAM MOxkna Gyze sHafity Taki YHCAa Uy, U ..., U
‘ 1o = w,,
WY+ 10, =y,
® o e 2 s @2 s 0 & b e -+ - -

uo, +mv,  +... Fu0 = 1w,

. L -
LI A L I S I A

BE UHCAA Uy, Uayeeey Up.o. | Wy, Wy.oo, Wy, . BiAOMI, TO Pk (U) MOMHAZ PO3TAS-’

M AK uaCTKY BiR minemRs psapy (w) Ha pan (¢). YlpH upoMy, sxuo papH (W) i
gﬁwm abcoaoTHO 36hxkmuMH 1 Axwo 3@afifciud paa (v) 6yAe Tex aGCOMOTHO

5t



361KHHM, TO MOXHA CTBEpPIKYBaTH, moO HOro cyMa € yacTka BiX RiN€HHA CYMH pany
(w) Ha cyMy paay (u). Lle — Gesanocepennili BHCHOBOK paHime poBefeHOi TeopeMmH
Npo MHOXEHHS pALiB.

lMoxaxemo Ha npukaangl, fK 3HAXOLHTHCA YACTKa Bij XineHHs ABOX paxis. Jas
uboro 6yAeMO MOAIIATH pAx

1
5+

1L

' 1
- 23-1~...+2—”-+~...

e 1 1,1 et 1
——— b — =Y e,
g tp T

O6unea paau abcomotHo 36ikui. 1LI06 3mafit waenn Uy Usy «ivy Up s PARY,
OJCPXKYBAHOTO B Pe3yAbIaTl RiNEHHA, MM MHIIEMO: s

1,1
2T

PACEEAc L

1 1 1 1

TU TNt 5.

EEaN e
‘2‘%"‘2—,",;_1+‘2',vn—2“'--+(—‘1)9‘ U=

® @ * ® & 6 © 5.9 9 & & o @ * O ¢t B s & & g @

[epma 3 nmux pisnocTed nae
Oy = 1.

ﬂinc-raanmoﬁn uéﬁ pééynbrar y apyry piéulcrb, 3Hafinemo
=1

flixcrasasionn v, 1 vy B Tpetio pisnicTy, snaligemo

Yernepra plimicrs

Jae
U=
Hawmigaetbca Taknfi 33aKOR CKAafnanHf WAEHIB pIay: .

— —
”u—ém man=234.... -

TepeBipuMoO, 9# NpPaBHALHHA BKa3aHHH 3aKOH; MH NEPEKOHANHCH, IO BiH npae
‘ BUAbHHH QAN n =2, 3, 4, NPHNYCTHBIIH, INO BIH NPaBHABHHA a9 GyIbaKOro ne
Joro n, Be Giabuioro m — 1, MOKaxeMo, 10, BJH MpapHALhHi 1 ans 7 == m.

Are 1 1 1 ' o 1 1
'5 U — -2—;0",__1 + E; Upea2: =7 on o + (— ])m—l2__"_‘ Uy = 57,,
{ sxme - L

°u=2'nl-."1 g n=2, 3,... , m—1,
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1 1 m—2 1 'ﬂ— _._‘-

2 ‘m 222m—3+2s2'"—4 ST S Tl
abo

1 1

-1 1. m | 1
20m=2m_1 2m——l+2m— —ceeF (=" 1"2;,_—1"’!‘("1) 7'!’*

Konu m napme, 10 nojankH, XpiM ABOX OCTaHHIX, MONApHO 3HHILYIOTbCS, 1BA
OCTaHul JAawoThH om = = Smi a 'rouy
1 .. 1 - 1

-2— "m - 2m——l’ Um - 2'""‘2‘

Koayn x m nemapHe, TO ROAAHKH, KpiM NepIIOro, MOMAPHO 3HHIIYIOTHCH, TOMY
1 1 , 1
— k3

g Ui = 21’ Um = om=s°

Takum uyuHOM, MoOMineHHH HaMH 3aKOH npaBHJleHH Pan, oxepxannit Big mi-
ACHHS, Mae BHIASX

1+1-|—«—,2- +—2-,+73’+.-. .
" Bin a6iraetnca aGcoaoto, 1 fioro cyma popisnioe 1 mmoc ¢yMa ‘mporpecti
1 1 1
1‘+§+§“—|:...+ 5'_‘+'“'
BHIMIHBAE; WO Horo cyma nopisHioe 3.
Ane pan
bttt
s TS gt
cymy 1, a psa: :

1 1 1~1
3= et e S

cyuyfé—, 3 ToMy vacTka Bix ix nineHns, 3rigno 3 3araibHOI0 Teopiero,

cyMy, piBay 3, y uoMy Mu 5 nmepekOHaaHCh GealmocepeaHbo.



PO3 a1 J HOPYTHMH

d)YHKlllOHAJlel PN,

§ 18. Baraabne AOHATTA NpPO (pyHKuiOHaJleuﬁ pan i fioro
361)I(ch1‘b

Jloci MM POSIAAAAAH TINBKH DSAM, WIEHAMH SKHX 6yan craxi
yuc/aa. Ane B nepepaxnifi Glapmocti nHT®HL Auanily JOBOAHTHLCH
MaTH COPaBY 3 TAaKHMH DANaMH, 4IeHH aAkux e OyHkuii meskoi
3MiHHOI BRJAHYHHH X. . '

PosrasHemo nocaizoBHicTh GyHKIiR

fl(x)’ f2(x): e »f"(x)’ ey

KOXHa 3 AKHX O3HAYEHa Ha HAeAKOMY Biapisky (a, b). Mn Ha3BEMO
PYHKYIOKANGHUM pPAOOM BHDPAE3

FD+AE+ . oAl +..

Tak cauo aK 1 gas YHCJOBHX paxis, TyT Hacaunepen NOBCTaE
1HTaHHA, #KOI CYTi HajAaBaTH LbLOMY ,HAO0AaBaHHIO® Hecxmqem{oi“
KlibkocTi KOAABKiB, JAS. SucAQBMX. DAAIB MU DOOWAH TaK: OPAAH:
CWYW&W@MW BOHA
0 neBHol. rpapuui, KOaHM 5 HEOGMexeHO 3pOoCTae; dKH0 .TaK, TO
MH Ha3HBAaJHN DAX 36ix<mm i rpaﬂugxo gy;_a,gw PANY HA3HBAJH CYMOIO
pALY. Koponne KAXKYYH, ONEPANiQ HECKIHUEHHOro HONABAHHA MW
PO3yMINH TaK: nonacmwlﬂﬂmwmmw
rpanuid (AKIO BOHA iCHYe) WIEl CYMH, “PHRYCKIOUH -UHCJAO _HO~

JAanki MEXEHO SPOCTAIOURM:"

Hasa pazis GyukRIOHIAGHAX MH DOOGHTHMEMO aHaJOTiTHO. E
ra9H n nepmEX WIEHIB pAAY; Hepes Te WO KOXHHM yleH
€ @ym%‘cyﬂﬂx—dwnxuﬂ X nosﬂavmuoi 196pes_Sa(X),
TOGTOTORAALEMO

[}Z&Y———fmq.-.f,m:k et £l

PosrasxHemMo Temep AedAKe NeBHE SHAUeHHd X HA BIADIBKY (&, b).
Xait x=xo. Ilpunycrumo, mod s,(x,) nMpAMye DO TNeBHOL rpamml
5(,\0) kKOJH n HeoOGMexeHO 3pocrae. Lle 03Hauae, MO tmcaosnﬁ pax

Fi%o)F-fal%o) 4 <o o Sl X0) - oo

36iraerbca i Mae 4YHCJIO0 S(xo) cBo€l0 cymoi0. Mu yMOBHMOCH T'OBO-
puTH, IO NaHHA @GYHKyionarbrui pad 30i2aemscs 0AR 3HAYEHHS
,\_xo a60 8 mouyi x, i 11020 cyMa JOPIGHIOE S(Xy).
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fAxmo ¢yHxuloHaabruA panx 36iraeThCa AJA BCIX 3HAYCHb X HA
Bispisky (a, b), TO ne o3Hauae, MO AJAA BCAKOrO X Ha BiapisKy
la, b) Bupas sn(x) mpsMye XO .MeBHOI rpaHuni; uepes Te WO I
[PaHMus 3aJeXHTh Bif x, MM ii nosnauaemo uepe3 S(x). ¥ mopH-
BOCh TOBODHTH,; 110 pAd 36izaemvcs Ha 6idpisky (@, ) 00 yHK-

Wil S(X). :

Hamnpukaal, Akmo MH pO3riasiHeMO pAX
1¥xtx4... x4

' MpUNMyCKaTHMEMO, WO X npo6irae pesxHit Bigpisoxk (—r, 7), ne
< 1, TO AJaA KOXHOTrO 3HAYEHHA X Ha UbOMY BIiApi3Ky pazx, Oy-
Jy4d CNAJHOI0 TEOMETPHYHOKI0 nporpecieio, 36iraeTncs; #oro cyma

M 33JaHOTO. X € = 3Myluyioud X 3MIHIOBATHCb BiJg — 7 10

1—
«}r, MOXeMO ckasaTy, w0 Ham (QyHRUiOHaJABHHA paj 30iraetTbes

Ha BiApisKy (—r, +r) no ¢ymkuii I—;l-;, i MOxkeMO mHcaTH
- ) o /——-"'—

. li"x»—'—- l—{—fN‘-xz——‘l-;..Q—}—x"—i—... .

SIkmo psarani psin f,(x)\—|— f(0)+...+ f,.(x)‘+... 36iraeTbcs 40
zeakol ¢yukuii F(x) na axomyck Bixpisky (@, b), TO rosopsTh, IO
dynknuin F(x) posxsadena 8 pgd . - o -

A i) o A i)
F®) =)+ oo Fol) e

[IpoGaema posxnany ¢ysxkmil y psis e OAHA '3 BaX/IHUBIIHX
npo6iem Ananisy. He yTOURA0YH NOKAINO NHTAHHASN, BKaXEMO TiIbKH
Ha Te, WO Koau F(x) € cyMma AKOroch pAAy Ha Biapisky (a, b), To
AJA BCAKOTO 3HadeHHA X Ha (a, b) MOXHA OOGUYHCIAMTH BEJAHUUHY
F(x) sx 3aBrogHO TOYHO, B34BIUH JOCHTbL BeJHKE YHC/IO 4YieHis
sxy. ToMy pAAM CayxaTb AJs HaGJAHKEHOTO OGYHC/EHHsS BEJHYHH

YHKIIR, " 3HAYEHHS AKHX MH. B JACAKAX BHOajfkax | He MoxeMmo
sHaATH Hiskum iRmHM cnocoboM. floriM Mu nokaxkemo, mo caue
reopia pAAiB HO3BOJAMAA ckJaacTd Tabamui saorapudmis, a TaKoX
HaTyPaAbHHUX BEAHYHH TPHroHOMeTpHuHHX QyHkuid. 3apas mu Oy-
NeMO BHBYATH Aeski 3aranbni Baactusoctl Pynx#iOHaAbHMX psALiB,
a NOTiM nepedzieMO 1o PAAiB crneuniaabHOrO BHAY 1 Bxe TOml MO-
CTaBUMO NHTAHHA OPO Te, AK 3HAATH PO3KAAX maHOi Gymkuli B pax,
3py4HHE, I HaGAMXKEHOrQ. OCUUCACHHs i1 3HAYeHD.

i nHmyThb

§ 19. Henepeﬁsniéfb cymu psay.

OxnuM 3 NHTaHb, 3 AKHM BECb 4Yac JOBOJAHTHCH CTHKATHCh B
AHanisi, € Take: NIPUNYCTHMO, IO WIEHH DALY € HemnepepPBHUMH
pyuxuiamu i paj 36iraeTbCs Aag BCIX 3HeY€HBb X HA BiIpisKy (a, b);.
3 IKHX BHUMAJKaX MOXHA CTBEPHKYBaTH, L0 CyMa pAAYy, Oyie Ta~
(0 HemepepBHOI0 QYHKUi€W ? o



- Mn sHaemo, MO CyMa CKinveHHO20 uMtna HenepepBHUX. PYHKIIH
€ (Qynkuin HenepepBHa, aje MH.HE MAEMO HISKHX NiACTaB NOmiR«
PHTH WIO TEOPEMY Ha DAAH: BKE NPH BHBYEHHI YHCJIOBHX paxis
MH NEPeKOHaJHCH, MO 3 PAJOM HE MOKHA NOBOAHTHCH AK i3 CKiu-
9eHHOI0 cymoio. [lokaxeMo Ha npuxaani, mo pal, YlIeHaMH SIKOrQ
€ HenmepepBHi ¢yHKuii, moxe 36iraTuch no yskuii PO3PHUBHOI.

PosrasueMo psan

x-{-(x2—x)+(x3-—x2)+...+{x"—rx"-1)+. ces

IPH YOMYy NPHOYCTHMO, IO MM PO3TAAR4EMO HOro 36ikHICTH Ha
Binpisky (0, 1). B .
CkrazieMo cyMy n nepmux unexiB PAAy; Maemo

8a(8) = X (B — ) o (ar — 2,
a60, PO3KPHBAIOYH NYKKH, -
Sn(X) =xn, .
Slxmd x#1,10 0<x<1, a Tomy lHmsa(x)=0. Koan x x= 1,
TO Sx(1)=1, a Tomy lims,(1)=1. e ’
; n—00

Orie, AKWO CYMy paay, B 36ixHoCTi AMOro Ha (0, 1) Mu mepe-
KOHAJIHCh, MO3HAYHMO Yepe3 S(x), TO MaeMO :

S(x)=0 0<x<i

Y S(x)=1 x=1,
~ ®ynkuiio S(x) MoxHa npexctasuth
| Mb9) FEOMETPHYHO SIK KYCOK ocl a6enuc

Mik 011 i oguy ,Bisipsamy* TOUKY
M(1, 1) (puc. 6). Lte sckpaso nokasye,
mo S(x) e pospueHa, dymkuls, xou yci
UWICHH pARy Oyau Henmepepsul.
3ayBaKuMO, MO YIEHH NOCAILXKY-

o ﬁ —? BaHOrO pany € Jayxe mpocri -Hene-
pepBHi Qynknii, Tomy piu, oueBHgHO,
Puc. 6. HE B TOMYy, IO ,CKJAAHHA BHTAAL® NO-

AAHKiB NPYBIB KO PO3PHBHOCTI CYMH,
Mu me maBaTHMEMO HeOGXiAHOI i MOCTATHBOT YMOBH JJH TOTO,
- WOG cyma psny HenepepBHHX (yHKuiA Gyaa HenepepaHOW, 60 I
yMOBa NOPIBHAHO CKJalH4, ajle MH BKAXEMO - TyT OHH BHNALOK,
HaA3BHYafHO npocTH# i Takmfl, mo Bech uac aycTpivyaerbcd Ha
HNpaKTHI, KOJAH MOXHa 'CTBEPAXKYBaTH HeNepPepBHICTH cymu, Has
IBOro BBEAEMO MOHSTTS NPO MANCOPOSAHUIL PAO. =
Dynxyionarsuuii pso :

| FOFHEO+ b i) e
M1 HA38EMO Macoposanum Ha eidpisky (a, b), sxuo icuye marufk

Hucao8ui pso o
Gx+¢z+---+“a+--- :
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dodamHumu wzenauu i 36mcuud WO OAR 8CIX 3HQUEHb X - HXT
(a, b) mdemo '
- If,,(x)[ e, n=1, 2, 3,

Inakie xaxyus, axmo xkoxHAK udeH PYHKIIOHAJIBHOTO psALY 8a
86COMIOTHOI0 BEJAHYMHOO HE TMepeBHINyE€ BiANOBIZAHOrO useHa 36iXK-
HOrO pAAY 3 NOAATHHMH WICHAMH, MH Ha3BeMO QyHKUIOHaNbHUN PAA,
Ma)XKOPOBaHHM.

Hacamnepesn 3posymino, mo psn, Ma)xoposalmﬁ Ha Biapisky
(a, b), 36iraetbcs abconwTHO B KOWHIfA Toumi umporo Biapiska,.
60 aaf GYILAKOTO X, Ha LOMY BiADI3KY YHCJOBHR PAX

Ji(xe) +Solx) - FalX0) +- -

MaE€ YJieHW, 33 aOCOJIIOTHOIO BEJAHYHHOW He Giapmi yjenip paARy

‘1+‘;z+ . et a To;l ued pax. 36irae'rx>ca a6COMIOTHO

¢ 15

- JloBenemo Tenmep Take BaX/JIHBE TBepmeraa'
SIKxmo uyaeHu pany .

6] £i(x) -I—fz(x)+...+fn(x)—|—...

HenepepBHi Ha (@, b) i pan Ha nbomy mnpnsWuamopoaaH@ﬂ
TO- HOro cyma TakoX HenepepsHa Ha (a, b).

" HacaMnepea Mz MaeMO NPaBO T'OBOPHTH TPO- CyMy;— U0 TibKH-
mo 6auH/y, IO MaXOPOBaHHA DAJ NOBHHEH HEO}IMiHRO 3biraTHChb:
(i naBiTb abGcoaoTHO) B KOXHIA Touul (a, b).

IMosHauumo wepes F(x) cyMy Hamoro psiy; o6 nmepexoHaTHCh
y 1i HenepepsHocTi B Touni x, Ha Biapisky (e, &), Tpe6a noBECTH,.
mo, sike 6 He 6yJa0 YHCJIO &, MOXKHA 3Hamn TaKe 8, mo

| Flto4- ) — Flxg) | <,

aKmo Tiabku | k| <3 i, 3p03yMin0, AKWO Xo-} 4 Tak camo, Ak i X,-
HaJeXHTb 1O (a, b).

[o3naunmo depe3 s,(x) cyMy B mepwHx uiaedis pany (f) i ue~
pes Ra(x) 3ammxosnn UAeH UbOrO PARY, TOOTO CyMy panLy

Jar1( 4 frra(X) +. -

SIKAR, K MH 3HAEMO, 36iraeTbCs aGCOMOTHO, KOJIH X HaJleXHTb Bif-
piamoai (a, b).
Mu MaeM0 IAS BCAKOTO X HAa BiApi3Ky (a b) i naa Bcakoro 1

F(x) = 5a(x) + Ra(%).
[MosHauuMO Temep uepes 7, 3ajiMMIKOBHA WIEH 3GLKIOrO pAAY
@ ay oo,
TO6TO NOKAaZEMO \ '

I'n=0n41FOni24d....
5F



Yepes 1e mo, 3a yMoBoIw0, KOXHEE ulen paay (f) sa a6coaior-
#0I0 BEJIHYHHOIO He OiMbLIMA BiAMOBIAHOrO uiaeHa paay (a), To

' b
(R I<r 3ST$Y,

5 oo s

[Ipunyckarodn tizpkw, mo x, i Xo+*% Hazexars mo (a, b),
MaEMo :

v | F(Xo+ h) — F(xy) |= ‘
= [sa(%0 + &) + Ru(xe+ B)] — [sn(0) + Ra(%0)] | =
= $n(Xo + &) — Su(%,) +
~F Ra(o ~+ £) — Ru(x0) | < [ 5a(tg ~ ) — $n(260) |+
[ Rulko - ) — Ru(ixo) | < [ sy + k) — su(x) |+
T Ra(Xo =) |- | Ra(ix0) | <
| < ko B)— $(x0) |+ 27,
Ane yepea Te mo psg (¢) 3GiraeTbcs, TO MOXHa B3ETH 2 Ha-
CTIIbKH BEJIHKHM, W06 MATH 7y < % Bassmn TakuM cnocoGom n,

-Qikcyemo Horo i 6iabme Bxe e 3MiHIOBaTHMeMO. B Taxomy pu-
TMAaAKY Sa(X), 6yayuu cymow n HenepepsHux QyHkuil (n——CTaJleg,
cama Gyae HemepepBHOIO (YHKIjeio. Orxe, MOXHA 3HaWTH Tak A
IO AK TiALKH % CTaHe 3a a6COMOTHON BEAHIHHOW MEHMIe 8, |h| <8,
1 SKIO NPH UbOMY X,k HajsexuTh X0 (a, b), To
]
. lsn(x0+h)~sn(xo)I<§-
Aze uepes Te mo

| Fe+-h) — Flxp) | < 130(x0 + £) — sn(x5) | 421,
0 ,

|Fro+-1) — Fl) | < 5425 ==
Orxe, KOXHOrO pasy sk |h| <3 i x4, ax ix, Hagexats no
«a, b), mu maemo | (x4 k) — Fxg) | <o, o

4 ne i 10BOAMTL HemepepsuicTs F(X) y Tounl Xo.
Hanpuxaaz, pag '

c6sx , cos2x , cos3x

", cosnx
1 +~22 + 32 ++ —+

n?
€ MaxcoposaHa# Ha BCift oci abcuuc, 60 npu BCAKOMY X
' cosnx| _1 '
a pan

1,1 1 1
i“"+’§§+?§+"'+?+"'
€, K MH 3HaEMO, 36ixuuk (§ 11).
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ToMy MOXEMO CKa3aTH, U0 CyMa 3axaHoro psany Oynxe Heme-
pepsHO0 QYHKIiEI0 HAa BCAKOMY Biipisky, 60 Ha Oyabakomy BiA-
pisky ujaeHH Horo HemepepBHi i pAJN MamKODOBaHHH.

§ 20. Iurerpysauns pﬁniB:

Mu 3HaeMO, DO iHTEerpajs CyMH CKiHYEHHOrO YMCJAa NIOXaHKiB JO-
pisHioe cymi inTerpaaiB Bin umx nonaskis. IIpore, My He Maemo
HIAKKX NiACTaB CTBEPAXKYBATH, IO [e NMPABHIO MOXE OYyTH NOIIH-
pene Ha 6eaniu ponaHkiB, iHAaKIIe Ka)XyuyH, Ha HecKinueHH PAXM.
HeBaxxo nmepexoHaTHCh HAa NPUKJIAAl, IO PAX MOxe 36iraTHCh Y
KOXHifl TOuli, MaTH HemepepBHY CyMy i, mporte, 6yTi Takum, HIO
iaTerpan Bix niel cymu 30BciM He XOpiBHIGE cyMi iHTerpanis, y3as-
THX Bif OKpeMuX ujaeHiB paay. IHIIMMH CIO0BaMmH, SIKIIO, SIK KaXyTh,
»POpMaANBbHO® TIPOIHTErpyBaTH NOYIEHHO 33aAaHHK PAA, TOOTO OGUMC-
JAHTH iHTErpaau Bij AOro okpeMHX u/jeHiB, MOXHa OlIepIKaTH pal,
axuil. Mae cymy, BlaMiHay -Big inrerpajsa CyMH NEpBiCHOTO #MAnLy.
‘Otxe, PpopManbHe IHTErpPYBAHHA HEe 3aBXKAH € IHTErpyBaHHSAM IO
cyti cnpasu. IlepekoHaeMOCh y nbOMY Ha NPHKJAALI.

I uboro posrasHeMo psii

xe—* 4 x [22e—2*—1%e—*] 4 x [3% 35 — 2% 2] J- ...
‘ + x [n2e—m* — (n— 1)Re—n—0x] -,

3aypaXHMO, IO CyMa 7 MEPUIHX WIEHIB UBOTO PAY, AKY MH
fI03HAYHMO Yepe3 S§x(X), AOPiBHIOE

Sa(X) = xne—"*,

60, B3ABIIM B IbOMY PaAl n fMepIIHX uacHIB i PO3KPUBINH JYKKH,
6auumo, WO BCl JOJaHKH NMONAPHO 3HUILYIOThCA, KpiM xnife—7*,
Akmo x=0, To Sx(x)=0, a TOMy Hpu HeOoOMEKEHO 3pOCTalo-
qOMY 1 MaEeMO T
o lim s,(x) =0.
n—e0 s

Axmo x#£0, 10
s(x)_—_._i
| ORSTT onx t

a Tomy 3a mpasdjoM Jlonmitaad 3HaxXOAHMO

T g Xxnd 2 2n . 2
o Dimen() = Nim G = il g = i g =l e = 0.
- OTXe, IpH BCAKOMY X
: C lim s4(x) = 0.
m

TaxkuM uMHOM, PO3IIAAyBaHUft pAA 36iraeTbCA HPM BCiX 3HAUEH-
HAXx x 1 HOoro cyma

-S(x) = lim $4(x) = O,

59



.- 3Blacn BHnAMBae, mo interpaa Bin S(x) y Bcaknx mexax (a, b)
TIOBHHEH NOPIBHIOBAaTH HYyJeBi, 30KpeMa, HalPHKAAJ,

[8(x) dx =o.

[epexonaemoch Tenep, mo xoiau 6 mu dopmanbno mpoinrerpy-
- BaJH NOYIEHHO Haml DI Yy THX XKe MekaXx, TO Bke He . baep-
xanu 6 Hyas. CnpaBpi, posrasHeMO paf, CKAafieHHE 3 inTerpaais
BiA uieniB nepsicnoro psay. Maemo

1 : 1
[xe“x dx—]—-‘fx [2%e=2* —1%~*) dx+-... 4
3 _

+ f x[nfe—"* —(n— l)wre“("“m] dx+....
T TherET..

SKINO POSrATHEMO CYMy o4 NEPIIHX n uieHiB ULOTO pALy, TO,
MO3HauaouH, Ax i panime, depes Sa(x) cymy n nepmux qiexis nep-
BiCcHOro psaay, 3Haéaemo

1 1
Oy == f Sn(x) dx = f xnre"*dx,
I 0
Ane B TakoMmy BHUmMamky
1
op == n? f Xe " dx,
0

a6o, IHTErpyoun 4acTHHaMH,

1 1 :
xe—nx .
0, = n%— +n e dx =
: _,,[, +aferedx.
- e |t '
=—nerdn— / =—ne"—e"+l=—(nt1)er 1,
[V]
3BiAKH ‘
limcn———l’
n—o0 -

i1 Mm nepexonanuch, mo nounenno NPOIHTErpoBaHnfl 'y Memax
(0, 1) pan s6iraeThcss z0 oxuuEui samicTb TOro, mo6 36iraTHchp A0
Hyad, - : ; :

Lle nokasye, mo ne B ycix BHUMajKax MOXHa iHTerpysaTu pan
nounenno. TuM . mixasiwe pinsmaynTn, mo icHyoTH paAaM, sxi. xo-
MyCKAIOTb NOYAEHHE IHTerpysansd, TOGTO Taki, AN SIKHX, ¢dop-
MaJbHO BHKOHABIUM IHTErPYBAHHA, MH 3HAXOAUMO iHTerpan cymu
pany. 3okpema, ne Mae Micue fis MaXopoBaHux psisie. Maemo raky
Teopemy’: o ' ‘ 7

ko pax

8,8 F m($) . BalB) .



jawopoBanuii Ha Biapiaky (a < x < b), To fioro MoxHa inTerpy-
JaTM TIOYJEHHO B MeXax Bix a 110 x(a £x<b), onepmaunﬂ
6yae 3HOBY MakopoBaHuM Ha (a, b), i ﬁoro cyMma AOpiBHIO-
THME iHTerpaioBi B Mewax BiX @ A0 Xx Bix CymMH nepsicHoOro
ny. , o -

lllo6 moBecTH e, HarafaeMo, MIO PAN HA3UBAETHCH MaxOpPOBa-
EM Ha Bifpisky (a, b), axmo icHye takufi 36ikHHA psjx 3 AoAaT-

'& MH Y4/iCHAMH ] :
a'1+a2+-"+a’!+-u r

| <x<b
luu{x)'|<“"_,'b Z;f\z 3, ...

Mu Gaunau B momepeaHLOMY naparpaq)l mO KOJH PAI Maxopo-
BaHHH Ha AKOMYChb BiApisKy, TO BiH 36iraeTbca aGCOMIOTHO B KOX-
it Touni upOro Bmiapisxa, i Aoro cyma S(x) 6yne HenepepBHOIO
pyHKIi€elo Ha TOMY X BiApisKy. R

3sixcu BmmnBae, mo posmanyaanuﬁ HaMH p;u( mae Ha (a, b)
genepepsHy cymy  S(x).

[osuauaioun uepes Sy{(x) i Ra(x) BigNOBiAHO CyMy r mnepiuux
wIeHiB HaWOre pARy

sn(x>—zi1<x)+uz(x)+  1a(%)
?isauﬁmxosnﬁ yxen itoro

R (%)= tta1s(%) -+ () teee s
S(%) = 5a() + Rn(x)

Tomy, ske 6 He 6ya0 YHCNO X, abu BOHO Jexano Ha Bigplaxy
(a, b), maemo

JicTanemo

f S(x) dx = f $n(%) 4% +- f Ra(x) dx.

Yepes Te IO 32 yMOBOIO poamanyaaﬂuﬁ pan MaxopoBaHHf Ha
siapisky (a, b), TO

' agxk
| 2n(x) | < 2 n=1, 2, 3,.. .

3BiacH Hacamnepesn POGHMO BHCHOBOK, M Psill, OA€PKAHUH MO~
YACHHHM {HTErpyBaHHSM, Mamopoaamm Ha (a, b). Cnpasai, mas
YJIeHiB IbOTO PARY

fu,(x) dx+fu2(x) dx4-.. +fu,,(x)dx+...
MH MAaeMo

| ot de| < aa 2 — ) <6 )



TOGTO ufeHH NLOTO PAAY MeHUIi gnemiB 30i:KHOr0 paAy 3 ZONATHHX

yHcen
(b—a)al-}—(b-—a)a,—l—...+(b—a)a,,+_... .

KpiM TOro, 3 Ma)opOBaHOCTi NMepBICHOTO PAAY MOXHA 3DOGHTH
BHCHOBOK, INO KOJH 7, € 3aJHIIKOBHHA 4YJ€H pany 3 &, TO6TO

Tn=="0Op41Ony2—+...,

" aL<xL£hb .
X
IR"( )l< n n=1’ 2, 3’““
Ane uwepe3 te WO PO, COiMLHMA uJeH AKOTO € a, 32 YMOBOIO

36iraetbcs, TO, sike 6 MaJne He OyJO e, MOKHA 3HalTH HaCTIIbKH
BeJHKE 1, 110 o
rﬂ<e,

[Ru(x)| < e ax<

Uepes Te mo (a, x) MiCTHTbCA B (@, b), TO Ha LLOMY BiApi3Ky.
nonepegHs HepiBHlCTb € BHKOHaHOIO, a. TOMY

| JRi9x| <e(x—a) < (p—a),

'-Iepes TE€ IO & MH MOXEMO B3TH K 3aBrOIHO MaJHM, TO

lim f Ru(x)dx =0,

TO

a TOMY

i, oTxKe,

Ane , .
[ sa(x) dx= f uy(x) dx + [u(x) dx 4 ...+ f un(X) dx,

~ j Sfx) dx =lim f s,.(x)'dx., -

TOMY : 5 :
lxm [ f w(x) dx+ f uz(x) dx.. —+ f (%) dx] f S(x) dx.
I.le osnaqae O cyMa n mepuHx. u/enis pary

f 1,(%) dx - f () dx 4.+ f ial(X) d -«

npsmye x0° r’paﬂum, Wo n0pisHIOE f S(x)dx, T06T0 et pag 36i-

raeTbCs i Mae f S(x) dx cBoeo cymoio, 110 i 10BOAUTD 38KOHH1CTb

NIOYJIEHHOTO m'rerpyBaHﬂa 33JaHOrO MaXOPOBAHOTO PALY.
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TMpuxaan Poarasuemo pax
e R T hETT pE i pPPE
[y,uemo oéuemysamcr: 3Hatxemmm: X, BMilleHHMH Ha BiApi3Ky

"%’ <x<-;—‘), B unoMy Bizpisky pam Gyae maxoposauuit, 6o

o) —lexgl
X 2 2 = 2 ’
piaa
1 1y 1,
5t et tam
;TOMy -HOro MOXHA IHTErpyBaTH MOUJIEHHO B Gy IbAKOMY
(a, b), wo’ AEXKHTb Ha (—%<~x< —;—), 3okpeMa 1 Ha

©, ) 2e x< %

~» TO lle 1ae

Yepea Te mo CyMa HAmoOro psmy € —

s‘l—dfx Sl dx—{—j‘xdx-{— —|—§x"dx+
BBIIKH ’

—in(—x)=x+% + ATt

3okpeMa npH x=% MH 3Haﬁneuo

~.m(l—%>=mz=;—+;(;)%;,-(%)n---+,a<;>"+.--;

- § 2L lluq:epenui}oqa!mﬁ paais.

Mu 6Gaunam B nomepefHbOMY maparpadi, mo nowjiexHe iHTErpy-
BaHHA pAAy He 3aBxkiM € 3akonHuM. llle ripma cnpasa 3 gudepen-
niroBagusaM paxie, HaBite MamopoBani pAif, JJsA IKHX MU JIOBEJAW
SaKOHHICTb MOYIEHHOTD IHTEerpyBaHHf, B 3arajJbHOMy BHIIAJKy He
AONYCKalTh NOYJEHHOTrO Jmtpepeﬂuiloaaﬂnﬂ Hanpuxnaﬂ, pax

sin2x |, sin22x sin 27 <y
2 + 22 + + on
€ Ma)XOpOBaHH#A pAA Ha BCi#t OCi a6c1mc, 60 145 6y ABAKOrO X MaeMo-
.

|S2

sin 2°x
2n




Aine xonu foro nponnq)epenuixosam NOYICHHO, TO OJAepX

Pan
' cos 2x + cos 22x4... - cos x + ..

SIKHR He € HaBin yCIOOH 361>xmm Hanpnmran. npH x=0 Biﬂ nd
peTBopioeTbc B pO36ikuui pax 1-4-14...-1-+4..

B meéaxux Bumaaxax, mnpote, -NOUYAEHHE nmpepeﬂunoaaaﬂﬂ BCY
“TakH € 3akoHHHM. OXHH NPAKTHYHO 3PYYHHH CHOCI6 BOEBHHTHCH
MOXJIHBOCTi NMOY/ICHHOTO AH(pEPEHUiIOBaHHSA IPYHTYETbCA Ha 'ratﬂ
Teopemi:

Sikmo pan (&) .

(w) #{(X)~+ w2(x) 4. . +an(x) +..
oAepaHHA UIAXOM NOYIEHHOro nmpepenuuosanna 3 paay
(#) (%) + (%) +-. . A Ba(X) -

maxopoBanuit Ha BiApisky (a, b), TO Aoro cyua € noxuma nu
CyMH psny ().

Cupasai, axmo pax (&) e, 3a ymoBoOIo, Mﬂ)KOpOBaHHﬁ Ha (a, b),
TO Ha mizcrasl TeopemMH monepesHLOro maparpada MH MaeMo NPaBQ
‘loro iHTerpyBaTH NOWIEHHO Ha OyABAKOMY BIApisKy (a, X), ne
AKX b, Skmo S(x) e cyma puny (#'), To Ha miacrasi pesyibta-
'ris nonepegHbLOro naparpada M MaeMo

fS(x) dx-:fu{(x) dx—{—fu;({C) d:é{—...—l—fu,;(x) dx—..
= (%) /% + () Lo o) [P .

Ane pax (u), WO e pesyJbTaTOM IHTerpysaHHa paAy (&), AK M
6auHJH B nonepexHLOMy naparpadi, nopHHeH 6YTH MaXXOPOBaHHA Ha
~{a, b), oTxe, BiH 36iraeThcs B KOXHIt TOUWl LBOro . Bizpiska, 3o-
xpema i B Touxkax a i x. Tomy, nosnauaiogn gepes o(x) oro cymy,
MH MOXEMO CKa3aTH, I0

uy(2) [+ 1) [ A k) [+ - = o) —o(a),

2 TOMY ; _
. ,
[S(x) dx = ofx) —o(a).
. a
Ane Toai, nndepeHnuirooun 06HABI YaCTHHH PIBHOCTI, MH 3HAAAEMO
d()=8() |

o # tpeba 6yn0 ROBECTH.
Mpuxaaxg Jaso reomMeTpHYHY nporpecuo

Q) I+ x+x24. 04 xr4... .
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PoarraHeMo, HanpHkJaln, Biapisox (‘-—%‘Q_x\<—é—>. Ha usomy

- AaHa nporpecia 36iraeTbea 1 Mae cymy pa Posrasuemo

1—
OepXKYBaHHf NOWICHHHM nnd:epeﬂmxosammu niei nporpecii:

12043t et

Hesamco 6aunTH, 1O BiH MaXXOpOBaHHH Ha Biapi3ky

(~5<x<}),
1 n—1 _
[nxn—=1] n(i) ,

1+é(§)+3(%)2+'.. A (-;-)"_'Jr ..

Ejrae'rbcx, B 4OMY MOJHAa BIEBHHTHCb X04a 6 3 JOMOMOIOI0 O3HAKK

DN -

pALL

anambepa.

3Bi,ZLCPl BUIIHBAE, IO CyMa psaay (2) Ha BiApxsxy ( %g x < %)
1
2

opisnioe noxinmf mn cyuu pany (l), a ToMy x-xa(

Maemo piBHICTD

(1—1x)2 1+2x+3x2+ narr

§ 22. HenepepBHa d)bymmin 6e3 noxigHof.

Mu Bxe Gauunu B nonepeasboMy naparpadi, 1o mousieHHe Au-
¢epexniopanns pany, HagiTh MaKOpPOBAHOrO, MOKe MPUBECTH JO
PpALYy, Bxe He 0608’d3k0B0 36ixknoro. Taxk y posrasmyromy B § 21
UpHK/AAA]l MH NPHAULIA A0 pAAY, po36ixknoro B Touui x=—=0. Axe
MOXHA miTH me Aaai i no6yaysatk Taxnﬁiuaxoponannn pax, cyMma
AKOrO He Mae CkiH4eHHOi noxiapol Bxke #i B Akif Toumi. A uepes
T€ L0 CyMa MaxXOPOBAHOrO PAZY € 3aBkKAH HenepepBHa QyHKId,
TO MM, TaKHM 4YHHOM, IEpPEeKOHYeMOCh B iCHYBaHHi HemepepBHHX -
$yuxuift, nosbasaenux moxixnoi. Le Bmxpmm HaJexuThL Beitep-
mTPaccoBi.

Befiepmrpace AaB Taxufi Ayxe uikasaf i NPOCTHH HPHKJIAA He-
nepepeHO] bynkuil, uo He Mde Hi B axift TOUni cxigyensoi noxia-
roi. Xa#t mamo pax :

1 1+ b cos (anx) -+ b? cos (a%rx)—+-.. + b"cos(a™=x) +...,

5 2960, Teopia paxis ] . 65



Ze 0<b<11ia—neaxe menapue mine wucao. Llefk pan MAxopd
BaHKH A BCIX 3HaueHb X, 6O

| b7 cos (a™rx) | < bn
fIpH Y4OMY pax

I4o4b2 ... b+

86iraeTbca, 6o 0 < b < 1.
3sizcu BunamBae, mo pax (1) 36iraetscs AAs BCiX 3HaueHb X
i fioro cyma F(x) € HenepepsHa ¢bynkuis. Maemo:

(2) F(x)=1+-bcos(anx)+ b* cos (a?nx) + ...+ b7 cos (a™rx) +

Pan, omepxann#i mnouseHHHM ZIH(DepeHIilOBaHHAIM AaHOTO, Mae
BHT IS, .

(8) — mab sin (arx) — na2bh? sin (a’nx) — ... — =a"b" sin (@*xx)—...

Koan 6 mu npunyctaan, mo ab <1, 1o nefi pax 6ys 6u maxo-
poBanuM, 60
| — manb® sin (aru:x) | <mamb?

a pan

xab -+ ma®h? . ..+na"b".‘+...

npu ‘ab <1 e 36ixkuuM,

Y npoMy BHNaAKy, 8a TEOPEMOIO IONEPERHbOro naparpatby,
pax (3) 36iraBca 6 i MaB cymoio F'(X), 3BiiKH BHIJIHBaJAO 6, 1LQ
F(x) me Tinbku Mae B KOXHIf Touul noxigHy, aje mo us noxizwa
HenepepBHa (K CyMa MaXXOPOBAHOTO DALY).

Bce ue mu 6 ozepxkanu, koad 6 MH npnnycxann ab <1, Befep-
mITpacc, HaBNAKH, B3AB 4 ib rag, mo6

Hoxamemo, mo npH uiﬁ yMmoBi q)ym{uia F(x) yxe He MOXE MaTH
cxinvennoi noxiauoi #i B Akik TOUNMI.
3 Ijel0 MeTOIO PO3rASHEMO BigHOLIEHHSA

F(x+h)— F(x)
% .

SIkmo MuH nepexonaemocs, [0 BOHO MpPH BCAKOMY X i mpu 4,
fKe NpAMYE A0 HYAd, HE MOXKe NPAMYBATH A0 CKiHYEHHOI rpaHnmj,
e & noBojuTHME, 1O F(x) Hize He Mae ckiHYeHHOI mOXijgHOI.

Ane 3 (opmy/H (2) BHIIMBAE: o

F(x4-h)=14bcos [an (x4 h)] 4-b%cos [a?n (x4 A)] + ...4

. ~+b"cos [a"m (x-+A)] +...,



‘“TOMY

F(x—+-h)—F(x) _, cos [ax (x4 k)] — cos (axx)
7 f=b 7 _ +...+

| 4 bn cos [@"x (x + /;l)] —cos (a"rx) T

. fxmo MH HO03HauYHMO uepe3 S, (X, k) cyMy m—1 mepumux ujeHis
mporo pany i wepes R, (x, £) fioro 3aaMmIKOBHA WieH, TOGTO AKIIO
NOK/Ia1EMO

Sm(x, h)=p 2 lOn (et Ml —coslamn) 4

+ pm—1 COS‘ [am-—ln (x—l—- f;l)]_ cos (am’—ln-x) ’

s 5, B b cos [Qm (x + I;l)]—ms (amxx) .

b’" +1cos [amtix (x4 }2] — ¢o$ (am+1ux) +.

+

TO

F(x+h})z—F(x) =8m (x: h) + Rm (JC, h)'

Ane sa teopemoio Jlarpanxa npe viCK»i‘H‘I'EHHﬁﬂ npupict mMaeMo
cos [a*r (x4 )] — cos (@*nx) = — a"=h sin [@rm (x 0k)] 0 <6< 1,.
TOMY : . | '
| cos [a™r (x - k)] — cos (a@™rx) | La™x | 1],

3BiAKH BHIIJIABAE, IMO
amrbm—ab -

|84 (x, B)| < bar | b2a*z+-... 4 bm—1 grm—in = =i

a yepe3 Te IO MH NpUnycTHIH ab>1, T0 ## HameBHe

ampm
ab—

lsm.(x’ h)|<“ 1 .

[Mepeitzemo Tenep 10 OWIHKH Rp(X, £). fkmo x nanuil, T0 a™x
€ sKecb YHCJO, Iine a60 Apo6ose. [To3sauumo uepes @, HaibGamide
10 HbOro (B3aTe 3 HeXOCTayeio a0 3 HAJABHINKOIO) UiTe YHCIO,
Tonl ' .

amx=am+2m,
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ne &Em MICTHTBCA MiX —;— i —}—% . Noxaanemo

Mo 1=t Tl

am am™.

3p03yMino; -mo he>01i by < 0,7 60 — 17\<Em <—|——;— . Kpin
TOro, MaeMo ' ‘

S ’ 3 " 3
’ hn| < g 1 1hn| <ggm»

3

<

3HOBY TOMY, WO & MiCTHTbCA Mik —-é— f—l—%—.

Hepes Te mo @ — nesKe HenmapHe Lije YHCAO, HepiBHE OJIMHHL
(60 ab>1, ane b<1), To a™ HeoOMeXEHO 3pOCTaE€ NPH HeoGMe

keHoMy 3pocrami m. Tomy umcaa kp, JHIMAYHCh AOAATHHMH
NPAMYIOTb KO HYJAS, 4 YHCAA Ay, JMMAIOYACH Bil'€MHHMH, TaKOH

NpAMYIOTh A0 HYJs INpH Heoﬁmemeaouy spocranui m.
Jaai, Mp MaeMmo
a'w (X + hp) = a*mams (x4 hy) = a*—mx (@mx4-amh' m) =
= " [(onA-Em) + (1 —En)] = @" 72 (2t 1),
i amazoriuno : _
‘ amr (X 4 hp) = a""x (a, — 1).

Uepes Te MO oy —Uine, TO dm—+1 i 6y —1—uiai yucaa; obu
JABa BOHHM BOJHO4Yac mapHi a6o Henapsi, flkmo n>m, To a*™ .
ujze HenapHe YuCJAO, a TOMY HZOOYTKH @* ™ (op—-1) 1 a* ™ (o — 1
6yayTh napmmn, AKWO Gnp-+1 1 ap—1 napui, | HenapuHumy
AKWO &m+1 i @aw—1 Henapui. 3BigcH BUm/AMBaE, MO

COS "% (X -} hi) = cOS [@"—mx (4, 4 1)] = (— 1) =+ _
i aHaszoriuHO n2>m
08 @ (X + hpm)=cos [a"mn(am—1)] =(—1)*m—1)=(—1) "= +!
60 cos bz =(—1), sxe 6 He 6yJ0 Wile uuCaO . ‘

KpiM TOro, Mmd Maemo

cos (a"rx) = cos ("™ a™rx) = COS [d"—'". ©(tm - Em)] =
= ¢0s (" ™za,,) COS (A" ™xi,) — Sin (@™ way) sin (@ "rty,) =
= cos (a"™na,,) cos (a*—™ uE,,,) : ’

60 sin(@* ™ xay,) =0, uepes Te 1O Om 1 @7~ — iai npu n > m.

Ane
20s (@™ Mray) = (— 1)%m,



bo a*™a,, BOAHOUAC napﬁe a6o HemapHe 3 0, TOMY MAaEMO
cos (amxx) = (— 1)'™ cos (a™™nty).
‘3Bigcu npu n>m Maémo
xos [amx (x 4 k)] — cos(ammx) = (— 1) — (— 1) cos (ar—mnt,) =
= (— 1) [1' 4 cos (a"™nt))]
i afasoriyHo

05 [a™x (x4 k)] — cos (@™mx) = (— 1) [14-cos (a"™ wt)].

3BigcH BHIJIHBAE, HIO

Ron (%, )= (__1)“ AP +c0s ()] +-&7+ 1 [1-+ cos (aniy)] +

+. ,.+ b+ [1+ cos (@akn)] +- .-,

i aHanoriuny piBHICTD MaeMO AAA R (X, hy), 3aMiHSOuH TiAbKM B
npapi#t yactuni pissocti k, "epes .

Ane y pany, mo cToith y GirypHHX AyXKKax, yci YJIEHH JO-
JaTHi ab60 JOpPiBHIOIOTH HyJEBi, TOMY CyMa ubOro psjy He MEHINA,

Hix HOro nepmHf uyJen ‘ ‘
b"' [1-|— cos (nE,,,)]

a uepes Te WO — o <E,,, —I— 2 , TO cOs Tty >0, a ToMy cyMa PRy

6inbma a6o Aopmmoe b=,
3BigcH BHIJIMBAE, ILNO

| R (x, hm)| > e
i anasoriuHo
v bm
|Rm(x; hﬂl)l}?.
. Ane, npurajasus, Wo
) , 3 . ” 3
aﬂaﬁnemo'
lRm(x /lm)l> g (ad)™ 1 |Rm (%, hm)| > 5 T 2 (abyn.
‘Hpnranaeuo, O MH yMOBnJme 6pam a i b rax, mob
ab > l—|— 2 s
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TOMY

37 ab—1’
i My MOXeMO HamHCATH
2 ®
c=§—-(-1b_-——1—, xe ¢c>0.

Ane mu Gayusnu BHLIE, IO NPH 6y1u:axux x 1 h maemo

5w (%, B)] <x—o (“”’

3BijACH BHOJAMBAE, IO

F(x—}—h,,,) —F(x)
b

(ab)

>|Rm (x, ’lm)l""'sm(x hm)l> __(ab)m

— m 2 b pu—, m
= (ab) (—-3 T 1)——(:(ab) .
nOAi6HO JO0 LBOTO

F(x-+ k) —F(x)

>c (ab)™.

Ane uepes Te WO NMpPH HeoOMeXEHOMY 3poCTanHi m mpaBa ua-
CTHHA HEOOMEXEHO 3POCTae€, TO, OTXKe, i JiBa YaCTHHA TaKOX HeoG-
MexeHO 3poctae. TakuMm yuHOM, MH 6ayuMO, IO Bﬂpasu

F(x =+ k) — F(x) { F(»-Fhii.)——F(x)
B _ b

' HEOOMEKEHO 3DOCTATh 33 AGCOMIOTHOI0 BEHUHHOIO pasou 3 rm.
F(x-l—h)——F(x)

Lle noxasye, mo ————— He MOXe NpPAMYBATH A0 CKiHUeH-

HOI rpaRuui npu A, mWo npﬂmye JO Hyxd, HasiTh i TOmi, Koan £ Jam-
IIAEThCA BeCh 4aC MJOAATHUM, 4 TAKOX i 'ro,u.i KOJH A JAHIMAETHCA
BeChb uac Bix'emnum (60 Bci Ay, popatwi, h, BiZ'eMHi, npH YOMY AK
Ti, TaK i Apyri npaMyioTh A0 HYAA). OT}Ke Gynxnis F(x) He MOXe
‘MaTH CKiHYeHHOi NOXimHOI Hi NPH AKOMY 3HA4YeHHi X.

Beftepmrpacc BBaxas, 10 foro ¢yHnkuis B3araai He Mae HifAKol
noXixHol gasf 6yAbsAKOro X.

[Misnimi pocaimxenHs moxasajau, IO B HOTrO npnxnam dyuxuis
F(x) Bce x mae noxiamy B Geaniui TOUOK, aé U NOXiAHA HeCkKiH-
yenHa. MoxHa, npore, no6ynysam Taki HenepepsHi QyHKOII, sxi
BXe He MawTh HI ckinuensol, mi Heckimuenmmoi noxiauol Hi B akik
Touli (Takuft npuxaax ynepme OyB xauuit Besixosuuem). Cuin 3a-
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YBaXHTH, 110 NpHKIAAH HenepepsHux Gyl 6e3 moxiguof Teme

GyAylOTbCSl nmepeBaxHO reoMeTpuuHHM uIaxoM. Lleft cnoci6 xo6pufy
THM, IO Jd€ HaO4YHE YABJEHHS, YOMY caMe JaHa (QYHKUIA He Mae
noxiaHol a6o, iHaxme Kkaxydn, 4OMy KpHBa, sika 306paxye fi, He
Mae aoTuyHOL B npuxaaal BeflepmTpacca miel naounocrti Hemae.
Slkmo Mu, mpoTe, HaBeNH TYT caMe NPHKJIaj Beftepmrpacca, To ue
6y/0 3p06/eHO 3 MeTOI0 NOKA3aTH, IO AKMX HA NEpIIHA NOrAsK
30BCiM HeCHoOAIBaHHX BHCHOBKIB MO Ha NpHHATH, HAMAaraw4uch AH-

¢epeHniioBaTH pAA MOUAEHHO.



PO3 Al TPETIH

CTENIHHI PIAMN.

§ 23. Beryn.

Cepen psxiB, uneHH AKHX € HeNEePEePBHAMH (DYHKLIAMH X, Haﬂ
B3HauYHiMYy pOJb B Anamsi BiAirpaloTs PAAH BHIIALY
1) @t arxtax4.. . axrt. ...
Ie G, @y, A3, «.., An, ...— CTAMI UHC/I3, WO HASHBAIOTHCA KOePigh
EHmaMu papy; CaMH#l Psill Ma€ Ha3By CMENiHHOZO; CTeniHHufi pa
3a0anul, IKMO XaHO NOCAiN0BHICTL HOro Koedimientis. -

Konn pam (1) samamuft, To moxe TPaNUTHCh, INO BiH PO36i-

raeTbCsl AAA BCIX 3HaueHp X, KpiMm x==0.
Hanpuxaaz, psg ‘

Tt x @ ey ...

po36iraeThcs AJs BCAKOTO X, BIAMiHHOIO Bil HYJAs, 60 33 0O3HAKOIO
Komi maemo ‘ ‘

" imyTéa) = lim | nx| = oo,
n—roo n—co .
Tax camo nosozuts ceGe i psig -
1.x41-2.x241-2.3.48 ...+ 1.2.3. ... Xt
CnpaBai, sa osnakoo [Jarambepa 3HaxOxuMO s X £0:
=lim|(n+1) x| =+ oo.
n—00
Touka x =0 3asxan 6yne Toukoio 36ixHoCTi, 60 npu x==0 cre-
MIHHAA PSR Mae BCi wieHH PiBHAME 0, xpiM, MOXIHBO, uxenHa g,

. Hani, moxe Tpanuruce, mwo pAn 36iraeTnca Aas BCix 6e3 BHHATKY
.3HaveHnb x. Takui, HaNpHKAAL, 6yn§ panx ’

X x2 Xr ' .
SR BB PR i v ner i S

CnpaBai, Ha miacrtasl o3HakH Hanambepa 3naxozumo

lim

n—00

Upt1
Un

-

N0

Bny

= lim
Un

‘n—sco

X
n41
Ans BCix 3navenb X. OTxe, pax s6iraeThbes, i Ko Toro abCcosIoTHO,
AJIsi BCiX 3Ha4YeHb X,
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‘MH 0aunAd, MO CTEMHHHA PAA MOXE PO3OITATHCH AJA BCIX 3Ha~
dens x (kpiMm x=0) i mMoxe 36iratuch aas Bcix sHavens x. IToxa-
XKEMO Tenep, Lo BiH MOXe 36iraTHCh A/ OAHMX i po3biraTuch Aas
jHmux spauenp x. TakuM DALOM €, HANpHK/AalL, Fe€OMeTPHYHA NMPO-

rpecm
14+x4x24...Fx24....

Mu 3naemo, mo npu |x|< 1 BOHa € 36ixkHHM, a npH |X|>1 po3-
6ixHUM pajaoM. Mu Morau 6 ue BHPA3UTH TaK: AAS BCIX TOYOK X
inrepBany (—1, 4+ 1) paa 36iraerbcs, Aasa KiHUiB inTepBany i mas
TOYOK, IO JEKATH N03a LHM iHTEpBAJNIOM, PAL PO36iraeTncsd.

§ 24. InrepBan 36imHoCTi.

.~ JloBenemo Taxy mnpocTy, aje HaA3BHYAaHHO BAXJAHBY TEOpeMy,.
MmO HaJjexuTh AGeneni:
ﬂmna.mrﬁ“ﬁnﬂ “PpHA 36iraerbca nmpH AEeAKOMY SHaueHHi X,
T0 BiH 36irasThcs a6COMOTHO NpH BCAKOMY 3HAYeHHI X, WI%
KOro | x| <] X,
" Cnpabai. SKIO DAL,

ao+a1xo+azx0+ Faxo+..6

36_iraeTbCﬂ, TO HOro 4JeHH i3 3pOCTaHHAM 7 NOBHHHI [PSMYBaTH
A0 Hyss. 3BlACH BHNJHBaE iCHYBaHHA TaKOro uucaa M, mo

laxol,<M n=0,1, 2,

‘Cnpasai, Koau 6 TAKOro Whcaa He 6yno TO Cepej waewis. pary
3HafmAHCh 6M 4HCAA AK 3aBrofHO BeJHKI 32 aGCOMOTHUW BEJAHYH-
HOI0, a TOMY BOHH He MOTJK G NPAMYBATH [0 HYJA i3 3DOCTaHHAM I.

3aybaxusmin fé. siab:ueno ‘Tenep psn

(@ ay b axtaxt .. a4,

APHNYCKATHMEMO |x| <|xo| Il BCAKOTO-A M&EMO:

Ianx"l-]aﬂﬂx"'—ffanllxol"

T ],

qepea Te me }xl<lx.|, TO

l<1 a ToMy psA

tnagHa reoue'rpmma ‘mpor ecist i, orxe, 36iminft pag. Uepes te

YieHH paly (@) $a AGCOMIOTHOW | BEANTHAOIG MERH S1eHiB HbOTO

GiknOro psiay, TO PAX (@) s6irdeTncs aGcomoTHO. MO i Tpeba
JJ.QBQQIK. J

- Us paxiausa TeopeMa“ “AGens A03BOSE oxapasy ckaactm co6i

3

M+Ml— M

|+ M| E




J0THOI Aasi BCiX TOYOK IbOro inTepBaty |x|<<|xql
€aBHaKH, KO X, € TOUKa PpO36ixkHOCTI, TO BCY HeckiHUeHHA T
npsama sin - x, 10 Heckinuensocti Bnpapo i BcA NiBOpaAMa Bif — X
J0 HecKiHueHHOCT BJBO CKJafa€eThCq 3 TOUOK po3bixHoCTl. Cnpasy
wonH 6ysa 6 x0u oxHa TOUKa 36LKHOCTI Xy, AAA AKOI | X1 | > | X,], T
3a Teopemolo Abens Touka X, Tex Oyja 6 Touko0 36IxHOCTI.
TaxuM uyuHOM, IAYYH BiJL IOYATK 14 B
CNOYATKY BHKIIOYHO TOYKH a0COMOTHOI 301kHOCTI
3 ReAKOr0 MOMEHTY, BHKJAIOYHO TOYKH po3bikHOCTi. Ilo3Hauum
4epe3 R Touky, IO € rpaHunelo Mix ob6sactio 36ixkHOCTI 1 06GaacT
PO36ikHOCTI, TO6TO TaKy TOUKY, MO -AJd BCIX TOYOK 3°ROZATHO
abeumucoro, aki aexars JiBime R, pax 36iraetbca abcoMi0THO, a Aad
TOYOK mpaBime R pax posbiraerbed. Temep MH, NPHPOAHO, NPHXO-
JHMO RO MOAATTA IHTEepBany 36ixkHOCTIi: )
IntepBanom 36ixuHoCTi CTeniHHOrO pAAy HasKBaeTHCH TakKuil
intepsal (—R, -+ R), 1m0 AA8 BCAKOI TOYKH X, fKR JEWHTb ycCev
peansi upboro inteppanay, psal 36iraerbcs, i 10 Toro abcoaoTHo;
a A4S TOYOK X, IHO JexXaTh 103a HHM, paj posbiraernci.
Cnoso ,ycepesmHi® TYT pO3yMieTbCE Yy BY3bKOMY pO3yMiHHi,
. TO6TO MOBa HAjxe Jmie
~R Sfimnitmm 4R nNpo TOYKH imrepBamy,
P - -3 MmO HE € Hl #oro Ji-
mﬂmm» - a PodGlwrdcme BHM, HI" floro npaBaM
Puc. 7. ‘ ' KiHueM, Y kiHUgx xe id-
' TepBaJy paa Moxe i
posbiraTuce, i 36iraTuch yMOBHO, i 36iraTHCh aGCOJMIOTHO — e 3aJe-
XKHTb BiA PO3r/AsiiyBaHOrO pAAy. o ) ’
IlNonepenni MipKyBaHHs NOKa3yioTb, LIO. fiis BCAKOTO CTENiHHOrQ
DAY MOXe CnOCTepiraTHCh TiNLKA OXHH 3 TPbOX BHIIAAKIB: .
1) paf po3GiraeTnCs aas BCiX SHaueHb X, kpiM x==0;
2) pax 36iraeTbcs AAf BCIX 3HAYEHb X;
3) psn Mae jesikufi mepHHft iHTepBan 36ixHOCTi (—R, - R).
CnpaBai, MX GauniH, INO KOJMH HE Mae Micus Hi mepmud, i Apyrud
BHNAJOK, TO aMafifeThCsa Take jaoxatHe uucao R, sxke mnoxiase Bcl
TOYKH 3 AOAATHOK aGCIMCOIO HA JBA KJAACH : Ti, O JexaTh JiBiwe R,
€ Toukamu 36ixnocTi, i HasiTh a6conOTHOI, Npasilie — TOYKAMH POS-
6ixnocti. Ifoxo Towok 3 Bix’eMHHMM abcuucaMu, TO TYT Biaby-
BaeThCa 06epHeHe ABHILE BiIHOCHO TOUKH — R,"TOGTO TOUKH npasime
—R e touxamm aGcomoTHOI 36ixHOCTi, a JiBilie — TOYKaMu poO3-
6ixsnocti (puc. 7). Yce ue, sik Mu GaunjaH, € 6esnocepeHii BACHOBOK
TeopeMu AGeus. o
Bunazaxu 1 i 2 npuiiHATO BKJAIOYATH B Lell OCT4HRIfi BHNAZOK,
BBAXAIOUM, IO B NEepmIOMy 3 HHX .intepman 36ixmBocTi ,BHpOAHBCA®
B oany Touky O, a B Apyromy — ,lieDETBOPHBCA® B yCIO HPIMY.
Yucio R yMOBMMOCH HasHBaTH paoiycox 30iicHOCME ; KOXH iHTED-
BaJl BHPOAKYETbCA B TOUKY, TO R =0, KOAH X BiH MepeTBOPIOETHCSH
B yCiO NMpsMYy, TO MM BBaxaeM0O R=- oo,
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" B GaraThox BHNaKax paxaiyc 86ixnocT CTENHHOTO PALY 6yBae,
nerxo BH3HAuHTH. Lle 6yBae ToAl, KONH icHYye

lim;fla,,l,

=00

me @y, @y, .o, dny ..., AK 33BXIH,— KoedimienTn creninEOro pAAy.
Copasai, B UbOMY BHNAJKY, noKAaxat04n

L=1lim |/la,, ,
Maemo o '
;nmtfra:x“n]=]x|1im'{/ri,:1=L|xl,

a Tomy, Ha miacTaei ossaku Komi (mm. § 10), psn 361rae1'bca a6-
COJIOTHO IpH L]x]<1 i pos6iraerbcs npu L|x]> 1. OTxe, akuo

L#£0, 10 -

s lxl<% pax 36iraeThcs aGCOMIOTHO,

- |x|>% pan poadiraeu;cﬂ.-

1
Ui cmnaimmennx uoxasyto'rb, mwo yucao ; i e came Te YHCJO,

Wxe Binoxpeumoe TOUKH 3GIKHOCTI Bii TOYOK PO3GiKHOCTI, -ro6'ro
paaiyc aGixHOCTI.

OTrxe.
1

1 .
R=j=—p—rru.
L imyia)
: ( n—00
3aysamumMo, mO XoAH L==0, TO MPK BCAKOMY X MAEMO
lim "1/1 anx"| =0,
f~co
TOMY pal 36iraeTbca AJA BCiX 3Ha4Y€HbL x, T06TO0 pagiyc 36ixk-
pocti R cain BBaXaTH HeCKIHUCHHHM.
Morao 6 TPANHTHCH, MO }/ | aal HROGMexXeHO 3pocTae i3 spocTas-
u n. Toxni npr BeiX SHaYeHHAX X, kpiM Xx=0, i BHpa3 )/ apx"| He-
Ememeno apocTae, a TOMYy psig Po36iraerbcs Aas BCiX 3HaYeHb X,
iMm x=0, B nbomy BHNIAAKY paaiyc 36lxknocti R=0,
s 3py4HOCT] 3amam a'ronynanna MOXHa ssaxa‘rn, mo 3aBXIH
R=I—:’
TiIbKH YMOBHTHCH, IO~ CHMBOJ -16 unv,posy‘m‘mueuo m’g 00,
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1 ,
& CUMBON — fK 0. Ane, 3po3ymino, peaibHa MaTEMaTHYHA CYTH

CHMBOJIB MOJIArae Ti/bKH B TOMY, sIK Y€ BHILE TOBOPHJOCH,
npu L=0 pan ycioau 36iractbes, a npH L= co pagx yCIOAK
Kpim x=0,
1lepen THM fK NEPEXOAMTH 10 npuxnaniB, TOKaxXeMO me,
paniyc 36ixkHOCT] MOXKHA BH3HagaTH # i{makme, xopﬂcryroqncs |
micth 03HakH Komi osnaxoio [lanamGepa.
Cnpaspni, npunycTHMO, WO iCHye rpaHHUA

Ani1
Qn

lim

- -0

MosHayuMo wio rpannmio 3HoBy Gyksoio L.

a
L= tim| %],
n—-+o0 an l
Maemo .
. a n+1
lim -"—“ﬁ”-— lxllim Initl_ )],
n—co anX a.

Tenep, Ha mincrasi O3Haku .lIa.uaMGejJa abCOJMIOTHO TaK
SIK -BHILIE Ha niﬂ.c'ram o3snaku Koimi, poénno BHCHOBOK, WO

npH |x|< L pan 36iraeToca a6comomo,

npu x| > E PsiA Po3GiraeThes.

Orxe,
1
R _ L ’
i npu nbouy sunoBy npu L =20 psix 36iraetbcs BCIOAH, a NpH L=} com
pax posbiraeTbCa BCIOAH, KpiM x=0.
3piacn MH, Mix iHWHM, 6a9uMO, WO KOJIH OGHABI rpaHHui

lim ¥/ an) 1 lim a1
n—co n

icHyI0Tb, TO BOHH DiBHI MIX cO60I0 *.

TakuM YHHOM, MH Temep MaeMo'ABa crnocobw 3HAXOMKeHHS pa-i
alyca 361kHOCT] CTemiHHOrO pAfy. Mum NpHK/JIafaTHMEMO KOXKHOTO
pasy came TOfl 3 HHX, IO 3PYYHIMMHA A AAHOTO PHAAY, MOAIGHO
JO TOrO, K NPHKAAJanH NDH DI3HHX BHNAAKaX piani o3HakH 36ik-
HOCTi.

PosrasiaeMo pesiki NpHK/IajH Ha BH3HAYEHHHA pajlyca 361kHOCTI
cTeniAHEX PAAiB 1 BABYHMO iX NOBEAIHKY B KIHLAX iHTEpBaay 36iKHOCTI.

* MoxauBuit BHHafoK, KOAH Jpyroi 3 IHUX TPaHHUb Heuae, a nepwa icHye;
TYT, IPOTE, MK m.oro He NOKa3yBaTHMEMO. .
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[Ipuxaan 1. BisbmeMo psx

14 2x4-2te . fomn .,

Maemo
lim ¥/ Tas| = limy/ 3 =2,
f . n—o00 n-—+20
'TOMY
‘ 1 _
R= 3»

. . 1 1 .
TaKUM YHHOM, iHTepBas 30iXHOCTI € (-—-—2-, -[—3 . Hocaiaumo, sk

: 1
EOBOAHTL Cebe psx y KIHUAX LBOTO inTepBany. MaeMO mas X = 3 paa

1 1 1
1425+ 2 gt 2 gt

“06@0 pax
141414

ke psig, 3posymino, poabiraeTncs. Tax camo aus x = —% 3Hal xiemo
1_2._1.+22..l_ +(_1)n2n.l+
5 T BT R

l—141—1+4...;

PAA TeX po3Giraerncs, 60 HOro WieHd He NPAMYIOTh HO HYAS.
Taxum wunoM, ueft pan y kinuax intepsaay 36ikHOCTI PO3Gi-
EReThCA. . o
Mpuknag 2. Nano psan
x Xt

L -1 X" '

Maemo
| @n+1 n
Hm | ——j=lim —— =1
u—org n—»rg n+41, ’
 1
R=1=1

InTepBan 36ixuocTi € (—1, 41). ¥ npapomy kinui
To6TO mpu x=1, oxepxkyemo .

B VI WS UEIPRR U
i 2—{—3- et (—1)n n+""' |
Le#t pan, ax Mu 3HaeMo, 36iraeThcd, ane He aGcomotHO (§ 14).

n



B nisoMy kimni imepéany 36ikHocTi, To6TO TpEH X
AicTanemo ’

Le# pan poaGiraerbes, 60 BixpisnseThes Big rapMOHiYHOro
THM, IO BCi AOro 4aeHH MOMHOXemi Ha — 1. -
Takum unnoM, Moxe TPanuTuCh, MO B OJHOMY KiHHi iHTepnall
36ixHocTl psAn 36iraeThcs, a B APYroMy po3Giraerscs,
MTpuxnxan 3, Nauo panx - ~ :

X, xt X X"
ﬁ+‘2'?+_'3—2‘+...+}'t—2+.‘. .

Tyt Maemo
1 n 2
lim =2l lim (——-——) =1,
n—col Qn n—rco\ + 1

Orxe, snoBy (—1, 1) e intepran 36ixkuocti, Are
P 36Giraetbesa, 1 MO Toro aGcomoTHO, B 060X KiHHAX IHTepsas]
36ixnocri. CnpaBal, MaeMo npu X==1: : ‘

-1 1.1 1
ftgt gt ot
anpu x=—1" ' - '

1,1 1, 1
.—-—T+—2—i—3—i+“.+(—””’?+“.; i

népmui 3 uux pAniB sbiraetves (§ 11), a otxe, apyruit ne tinbidll
36iraeTbcs, ane # abCOMIOTHO 36iraeThes. :

Taxum uuHOM, pan MOxe 36iraTucs, i HaBiTh a6COAIOTHO, B
KiHUsX jeTepBany 36ixkuoct. :

§ 25. anepepnﬂicrb CyMHA creniusoro psay.

Posraanemo crenminmuft psn
(a) ot ayx a4, d-axn ...,

1 xa#l (—R, 4 R) ¢ #oro inTepsan 36ixHOCTI. <
Hosegemo Hacammepex, mo B ycaxomy inrepsani (—p, o),
Sxull AeWHTL BeCh ycepeauHl inrtepsany a6ixnoctl, cyma F(x)
CTENiHHOrO paxy € HetiepepsHa yHKUif. o
Cupasni, axwo intepsan (—p, -{- p) MEKHTh BECh ycepenuHi in-
TepBany (—R, 4 R), To ue osuduae, mo p < R. Bisbmemo AKeHebynb
YHCIO ', WO ACKHTH MiX p 1 R, TO6TO p< p'<R. Yepes Te mo
TOYKA 3 aGCumco0 p JeXHTb ycepeauntiiaTepsany 861:xHOCTI, TO
B Rik pax (a) sbiraeThed, i A0 TOro abeomorHo. Lle 03Rauae, WO

PR ._ |
Lol +1ade’ +1aalg .4 ol
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36ixHuA pag. Aje yepes Te mo p<p', TO AIA BCAKOI TOUKH X
merepBany (—p, --p) MaeMoO
el <p <o’
OoTXe, . S
: laux"l<lan|9"‘-

Lle moxasye, mo Ha (—p, -}-p) paA (@) Mae 4JeHH MeHH, Hix
innos HI wieHH AeAKoro s6LXHOro psAAy 3 AOAATHHX UMCEN. Psazu,.
0 Mg#TH IO BJACTHBICTb, MK YMOBHAHCH Ha3HBATH MaXODOBAHHMH,
B § 19 6ya0 AOBeAEHO, IO CyMa Takoro psAy e HenepepBHA QyHK-
iz, TaxuM ygHOM Hame TBEPIXKEHHS JOBeleHe.

Kop#icHO '3ayBaXHTH, 0 MM TAaKHM YHHOM NEPEKOHA/IHCh Y HE-
mepepBHOCT] cyMH cTemiHHOro pAXY B YCAkid TOoumi, Axa JEXKHTDH
ycepenusi inTepBany 36ixkuocti, 60 KOXHY TaKy TOYKY MOXHa NO-
MiCTHTH.B AIKHACH inTepBax (— p, -~p), MO Becb A€XUTb ¥ (— R, +R).

Ase He MOXH4 FOBODHTH NpPO HenepepBHICTb CYyMH B KiHUAX iH-
repBaJy . X04a 6 TOMY BxXe, INO TakOI CyMH MOXe He OyTH: DA
Moxe posbiraTuch:

§ 26. JnucdepeHuiloBaHus cTeni}moro' paay.

Mu goBead, WO cyMa CTENIHHOrO PHAY € HemepepBHa QYHKUisf
F(x) B ycakifi TOuli, WO JEKHTb, TOYHO BCepeAHHi inTepBany 36ix--
mocri. JloseaeMo sapas moch: Ginboie, a caMe, MO B TOMY Xk iHTEp~
pasi QyHxuia F(x) HeoAMIHHO Mae NOXiAHYy, NpH 4YOMy 3HaATH LIO-
noXiiHy MOXHAa NPOCTO NOWIEHHUM AudepeHuiloBAHHAM CTENiHHOrO:
paAy, NOAIGHO A0 TOr0 AK NOXiAHY CyMHM CKiHUEHHOrO 4HC/Ia RO~
AaHKIB 3HAX0JATHh 8 AONOMOrQl0 AOABPAHHA NOXIAHHX BiJ KOXHOrO
AonaHky okpemo. Lleft ¢axT, mo Bkasye Ha mOAIGHICTD MiX CTeNiH-
HHMH DsjfiaMH 1, HanpuKjaaj, 3BHUaAHMMA MHOTOYIEHAMH, € BHCHOB-
KOM TakKoi TeOpeMHd : '

KO CTeNmiHHMA paj

(1) N a_o+a1x+>agx2+...+a{.x"+...

Mae (—R,'+R) llinrepna.n'ou, 36hKHOCT i dyHkuilo F(x) cBoeto-
CyMO10, TO pal, OAEPKAHHA WASXOM AOro mMowieHHOro aAudepen-
RilOBaHHH, -TO6TO pax S

@) a;+2a,x 4 3ax*4-... 4 nayxn—? + )

mae Tofl e inrepsan 36imHocti i cymy, mo AopiBHIOE MOXianidk:
F(x) Bin dynkuii Ax). .. =

[1lo6 BneBHHTHCL Yy LbOMY, AOBEXEMO Hacammepen, o pax (2)
MaXOpoBaHH#t HaBcAkoMy iutepBani (~—p, --p), MO Becb JMEKHTb-
ycepenuui intepsaay 36ixuocri,
_~ Cnpaeai, axmo & e Taka Toyka, mo p<& <R, To pax (1) y uwikt
Tounli 36iraeTbCd, TOMY n-# dileH A, NpAMye RO HYJAA NPH HeO0O6-
‘MexeHoMYy spocrtanni n. OTxe, MOXHA BKasaTH Take 4uC/I0 M, mo-

laf <M n=1,23,....
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HAxmo | x]|<p, 10 , ,
. p n—1 . M
[Ranx®—1| < |nap"—1|=n|at—! I(_E.)' <n,e_qn-1’

ae ¢ =-%< 1, 60 p <& 3a YMOBOIO. Toﬁy, AKINO MH nepekoHaemocl
y 36ixnocti pagy |

%4(1+2q+3q”+...+nq"—‘{---) '

3 JONATHHMH UYJCHAMH, TO THM cauMM Oyje AOBEALHO, IO -
‘MaxopoBaHufl Ha (— p, +p). ¥ 36ixKHOCTI XK OCTAHHHLOTO psmymm
INePeKQHATHCh, X04Ya 6 npukAaxaouu 03Haky HasamGepa,
| i "1 L
rs—ng 1< .

Otxe, Mu 6auumo, U0 Ha OyAbaxoMmy Biapisky (—p, -+ p), axul
JIeXHTb Bech ycepesauni intTepsaay 36ixmocti (—R, 4 R), pax (2)
Maxcoposanuil. ¥ TaKoMy BHNAXKy, NPHK/IAJAI09d TeopeMy § 21, mm
©6aunmo, mo uek pax (2) sbiraerbcs Ha (—p, -+ p) 1 Mae cymoio no-
xiggy F'(x) Biz yskuii F(x). OTxe, MM NEPEKOHAJIHCH Y 3aKOH-
HOCTI NOuYNeHHOTO AH(epeHUiloBAHHA CTEMHHOrO pALy B YCAKifi
TO4ll, lIQ JEeXHTh yCepeauHi iHTepBaay 36GixHoECTi.

Uepes Te mo B iHTeppaai, ne psAa Ma)opoBauuil, BiH e aGco-
JnorHo 36ixkuum (§ 19), To MH nmepekoHyeMOchb, WO pax (2) 36ira-
€TbCH aGCcoMoTHO Bcepeiauni iHTepBaay 36ixkunocti paxy (1). Hose-
_AEMO Tenep, 1o n03a unHM iurepsanom pax (2) posbiraerbea. Crpasii,
xoad 6 y skifice touni & rakift, mo [E1 >R, pax (2) 6yB 6u 36ix-
HHM, TO IJd BCAKOrO X, |x|<§ ueH psag 36iraBcss 6 aGCOMIOTHO.
‘Orxe, 3pafimaoca 6 take x', |xX'|> R, npu axomy pax

@210l | K14-31as || € P A nlaal 21

.a6iraerbcs. Ane TOAl 36iraeThes i paf, ojpepkaHuft MHOXKEHHAM ycix
uJeHiB nonepeaHboro pAxy Ha |x'|, T06T0 pag »

@ |12 |+ 21 @] |2 P3lay || ... 2l @] [ 1.,

.4 ToMy THM Gi/iblue mOBHHEH 36GiraTuch i psag
fas| | X' 14 la || X B t-lag|| X P +-... 4 an || £ P4-...,
|anl| X' P<nfas || x|

3siack Bunausae, mo psix (1) sbiraerbca B TOHLL X', IO HEMOX-

. JMBO, 60 |x'|>R, TOOTO TOYKa X' JeXHTb 1032 IHTEpBa/JOM

s6ixnocTi pagy (1). 3 onepxanoi cynepeunocti MM POGHMO BHCHO-

BOK, O pax (2) noBuneH poabiraTHCh ycioxH 1033 (—R, .
Mu nepexOHa/HCh, TaKHM YHHOM, IO ob6uaBa paau (1) i (2) ma-

10Th OfMH i TOR ke iHTepBan 30ixkHOCTI, a ue i sakindye moBse-

JIeHHS NPONOHOBAaHOI TeopeMH. o _

. Jlomamo mpo muporo, 1O B caMBX KIHUAX iHTepBaay s6ixkHOCTI

pazu (1) i (2) MO)XyTp NOBOAUTH CeGe He OJHAKOBO: MOXE Tpa-
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RETHCh, IO JaHu# psa 36iraeTncy, a nponmpepeﬂumoaannﬁ pos-
5ll‘a€TbCﬂ e mae wmicue, HanpukAaf, 4a% PSLY

T+"2‘+‘3‘+"'+Z+""

Exuf npr x = —1 36iraerncs, 'rozu' fx npoaudepennifiopannft pag

1 +—x+x’+ o xrl L,

¥ uik TO'-XLli posbiraeTbed. '
.Po3rasmemo npuxaan Ha ,auq)epeﬂuhosanua crenigHoro psmy. Xai
pan
I—x P —xt o (1l

Lle#t pax e reomeTpuuHa nporpecis i3 3Hamenauxou —x. Horo
3bixkuocTi € (— 1, +1) Cyma. F(x) uporo pagy e

F(x)-_1+

[paxaanaoun 1i1bKHILO AOBEXEHY TEOPEMY, ME 6aTuMO, 1O PaA,
}epmaﬂﬂﬁ NOUYJEHHHM ;m(pepeumxosaﬂnﬂm TO6TO paA

— 14 28— 3t (— 1y nxr=t 4.

ie TOH Xe iHTepBai 361KHOCTI (——1 +1), npH YoMy HOro cyma
BHHHA AOPiBHIOBATH

P =~
§ 27. Psm Maxnopena. €asnicts posknany @ysknii
CTemuuun -pas.
Vin Gaunnn B nonepennboMy naparpadi, mo xoam creninmufl pax
: Gyt a1 x4 x7 4. o A ...
inTepBan 36ixHocTi (—R, 4 R) 1 cymy F(x), 10 pan
o +2a2x+3a3x3—}-..; -+ na, X1 +..
XHAHHN NOTNEHHHM m@epeuujmsaéﬂzu JAHOTO psify, Mae to#t
meppaa 36ikHOCT] i CyMy F’(x) o noplsmoe noxiauif Big

te pan (2) e swosy crenmiHHHi pax, 'rouy A0 HbOTO MOXHa
KCTH Ty Camy TeopeMy i nmepexOHaTHCh, o pax

12034 2335+ oo (— 1) nG"—2 oy

repsasoM aGlxuocti intepsan (— R, +R) I cymy F'(x), mo
woe noxiaii F'(x), 10670 Apyrift noximuifi Big Fix),

BTOPIOIOYH Ui MipKyBamm, upnxozmnu A0 TaKOI‘O BHCHOBKV.
!boma pAxin
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Axkuwo c'reninnﬂﬁ pan
ay+ a,x - a,x? —|— Sax"+..

36iraeThca JO (bym(ui‘i FRx) i Mae inTepsan 36imHoCTi (—R, +Rh
T0 QyHkuia F(x) mae Bcepeauni uboro inrepsany moxinui BCiX
nopsuuus, ApH YOMY JJSi 3HAXOMKEHHA LHUX MOXIAHHX AOCHTH A
depeHuiloBaTH 3a.|1annﬁ pRA DOYAEHHO CTIALKH pasis, Akuld n:;i
psIOK noxifHoi; Bci onepkyBaHi NpH UbOMY pAAM MAIOTb TOH X
intepsaa 36ixHOCTi (— R, - R).

TaKHM YHHOM, MOXHA HaNmHACaTH:

Fx)=ay+ arx + @2 4 agx+-.. + anX" +
Fl(x)=1-a,}2a,x 4 3a,x*4-... 4 nax"—1 _|..
F'(x)==1-2a;+2-3asx+ ...+ (n—1) nasx"—2 +

s ® @ ® & s+ @ e e 8 8 & o e e. e v & o

FO()=1.2-... papt2-3- .. O Dt A+
+(n—p+1)\n—p+2) Y 720 <l IR

e 8 e o e . ¢« 8 & e 8 e & e o s s o = * o

\

Koxuuf#i 3 uux psaxis 361rae'rbca Ha intepBaai (—R, +R). 3o
KpeMa, NOK/JABIIK B UHX pafax x==0, MH 6auKMO, IO KOXHHH ps
36iraeTbcsi X0 OJHOTO CBOFO CTAXOro wieHa

F(O) = ao, F’(O) =a,, F"(O) =1- 202,
FOO)=1-2:%.. pap,... .

lle poxasye, mo koeq)mien'm CTENiHHOTO pALY . Bnpamamn:a
LIKOM MEBHHM CHOCOGOM depes pesHIHHY ¢ynkuii F(x) iiinm
xigunx y rouui O, a came

' F(0 F"(0 Fo)(0
ar=FO), =", a=]—‘2~’ =g

TaxpM YHHOM, SIKIIO (pyﬂxma'F(x) MOXe 6yTH PO3KIaLeHa B cfd
niHHufl psAx, ToO6TO AKUIO iCHYE cTeninuui pan, mo 3b6iraerb
R0 F(X) B RKOMYCb iﬂrepnam, TO TaKuft pnn mmxu OJHH,a Cam
| 2 N

F)=FO)+5 F'<0)+ O+ +
b 2 T OE

3po3yMino, IO He BCAKY Q)ynxuixo MOXHA PO3KJIACTH B.CTeniHHHAI
PAl: fK NOKa3ye nonepeiss GpopMysa, Jas UL0ro HacaMmmnepen HeoG
xiano, .mo6 BOHA Maad noxiaHi BCix mopaakis y Toumi x=0, i, '
NOKA3YIOTh. A€TAAbHiMl - AOCAIAMEHHS, TIABKH HHOrO wWe uen,ocnri
. Ilpore;* gna weix npocerux ¢yskiifl i Takux, -u0 Bech yac 3yc'rpg
49aj0THCH B-AHani3l, Takufl PO3KJIaA ‘MOXAUBHH, 1- MH Tenep  3HaeM
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K fioro 3mafiTH — jAd LBLOro HROCHTHL 3HalTH noxixmi Biag mamol
¢ysruii B Touni x=0 1 noriM ckaacTu paj .

n

: X

FO+% PO+35PO+ ...+ 15— FOO) +... -

Ilefi paa Mae Ha3sBy paay Maxaopena i Bigirpae Hag3BHYafinoO
BaXAHBY poab B Anaxisi. Mu posrasneMo aani winufi pag npukaanis
posknany ¢yHKUiA y pan Makaopena, aje Ttemnep HaM noTpiGHO
COMHMTHCL HI€¢ Ha OAHOMY NHTAHH], 110 NPHPOZHO NOBCTaE HiCaAF
TOro, K MH NePEeKOHANHCb Y MOXAMBOCTI audepeHnioBaTH cremnid-
Hufi paa. lle nuTalHHA npo iHTerpysaHHA UMX pAAIB. JlHwe micas.
Toro, fik Iie nuTaHHa Oyme posradHyTe, y Hac 6yayTh yci 3acobu
Aas poskaany bysxkuif y panum.

§ 28. InTerpyBsaHHs CTeniHHMX pALiB.

Xall creninna#i pan
(1 , aytay x4 ... agxr4-. ..

Mac intepBaa 36ixuocti (— R, +R) 1 xan F(x) e fioro cyma. Po3-
rAsHeMO paj, OAePKYBAHHA NOUACHBHM IHTErpyBaHHAM JAHOTO PAAY :
an .

©) aox+%x2+...+~n+1x"+‘+.'...'

Hoseaemo, o BiH 36iraeTbcs a6COJMIOTHO B KOXREIit Touni Bcepe-
xuui intepsany s6ixkuocti., Cnpasai, xa#h x, Taka TouYka; TOAl psaA

(6)) laol+141|lxol+-~-+lan”x0|"+...

561rae'rbcn, a TOMY i pan, ofepkanufi BiAKHAAHHAM TIeHa |@] 1 MHO-
MeHHAM yciX uaediB Ha }xy|, TO6TO paa : .

(4) lar 1% 4-1aa) 15 B4l aaf [t -,

rex sbiraeTncs. ANe wieHH aocaizxypaHoro pagy (2) sa aGcoaioT-
OI0 BEJHYMHOI0 MEHWI wYIeHIB TIABKHINO oAepxaHOro psaxy (4),
OMy BiH TakoX 36iraeTbcsa aGCOMIQTHO B TOUIi X, *
Takum ynHOM; MH NepeKOHaJHCb, IO pajf (2) 36iraerncs abco- -
OTHO B KOXHIA Touml Bcepemuni (—R, +R). Otie, iuTepsax
iXKHOCTI HbOro PAAY NOBHHeH MICTHTH (— R, - R) a6o 36iraTucs:
B num. [ToxaxeMmo, WO MOXAUBUH TiAbKH OCTaHHIH BHNAaKOK, TOGTO
epBaa 36iXHOCTI NMPOIHTErpOBAaHOrO pPsAAYy NOBHHEH GyTH 3HOBY
teppaaoM (—R, - R). Cnpasai, xoau 6 ue#t iarepsan Gys
R, 4R'), ne R >R, 10 Ha niacrasi Teopemu § 26 pax (1),
xepxKanuit nouaeHHnM rudepedniiosanuaM pany (2), MaB 64 TakOK
TepBaiom 36ixuocti (—A, + R’), mo HenpasuirHo, 60 #oro in-
pBaa 36ikuocTi € (—R, +R). ’

¢ 3aKouHICTH -OYACHHOTC IHTErpyBAHHS cwxuunoro pany uqxixa 6yn0 6 BumecTn
3 RIACTUBOCTEH MAMOPOBaHUX PAAIB. ‘ o
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Takum unHOM, npoinrerponaunﬁ pan Mae 'roﬁ caMufi im'epBau‘
a36ixuocTi, Ak i AaHAf.’

To3naunMo qepes D(x) cymy pany (2). Uepes Te mo Kauuft psg (1)
mae cymy -F(x) 1'3a Teopemoo npo nudepenmiiopaHsg panis MH
nosuxdi Mat P'(x)=F(x), To 3BiAcK BUNAKBaAE, IO D(X) € NpUMITHBHE
¢yuxuia mas F(x) abo, Tounimie KaXy4w, OfiHa 3 NPUMITHBHUX AAS
F(x), 60 Mu 3HaemO, WO NpaMiTHBHEX QyHKUIR icHye Gesaiu, 6yabsaka
@,(x), mo Binpisuaerbcs Biy D(x) AuLIe HA CTajxe, GyAe TaKOX NpPH-~
mituBHOWO aad F(x). MoxHa: nogath, mo PD(x) e Ta 3 NPUMITHBHUX
aas F(x), axa nepersopioeTecsa B 0 npu x==0, 60 pax (2) mae nps
x=0 cymy, O AOpiBHIOE HYJEeBi,

[lincymoByloun ckasaHe, MOxHa (oOpMyJIOBaTH 'raxy TeopeMy

Ao creninuufi pax

ao+a1x+...+a,,x”—|—. ..

36iraeTbeq Ha, (—- R, +R) i mae cymy F(x), To pan, onepwanul
dopmalbHEM Im‘erpynaﬂﬂnu #oro mouieHHo, T06TO paa

a°x+ x=+...+n+1x"+1—]—...,‘

Mae T1ofl we iHTepBan 36.ixmoc1'i, i ﬁoro CyMa e Ta 3 IpHMiTHBHHX
aasa F(x), axa neperBopioerbcs B 0 npn x=0.
Hanpukaaj, My 3Haemo, IO PAx -

I—xt -t — xS (— 1)"x2"+...,

AIKMA MOXHA DOSFAAJaTH AK FeOMETPHIHY nporpeciio i3 3HaAMEHHH:
KoM — x2, 30iraetncs s x2 <1 i posGiraersca aas x*2> 1, 10610

SR Y B 7 LR i i‘
j
Tomy psm, oxepxaHHR NOYJNEHHHM IHTErpyBaHHAM JaHOTO pALYj

fioro inrepsan 36ixuocti e (—1, +1). Cyma uboro pazy e

TIOBHHEH MAaTH CYMOIO NPUMITHBHY. AASl T3, IO HEPETBOPIOETHCH

1
14-x

B O npn x= =0. Taxo0, npnmi’rusnmo Gyae arc tgx a'rouy MH oxep-
XKyeMO DiBHICTH

arctgx=’—f:—--§+-5-—-...+(-— 1y m—1+... ,

cnpasemnsy npu Bcix Taxux ‘x, ana akax — 1 <x<-41.

- Mo:xna 6ya0-6_A0BeCTH, MO L PiBHICTB NPOJOBKYE 36epiraTH
cuny i npn x=-1, ane 3 nonepeaHbOro uoneneﬂuﬂ e He BHOAH-
sae. [Ipu x—+l dopmyna nae - _ :

arctg1=§=;f—-§+5 e )an—_—ﬁ—...

i 10380/ de HAOJUKEHO oﬁqucnﬂm uHcao «. Mu HE CIIHHATHMEMOTh
Ha nboMy, 60 AAA ©™ MOXHA 3HalTH 3HAYHO Kpawi PO3KAanH, TOGTO
PAAHM, WO a6iraloThca Ha6araTo mBHALIE, a TOMY AOSBOJIHIOTb .nerxo
QOYHCAATH YHCAO ® 3 BEJAHKOIO TOYHICTIO.
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§.29. Panu Tedinopa I Maxknopena.

. Mu Gaumau B § 27, mo koau ¢ynxiisn F(x) nonyckae posxaai
y creniunnfl psx, TO ne nosuHeH 6yTH pax : : '

FO+H{PO+5 PO+t B OO +..,

mo Mae HasBy paxy Maxaopena. Axe, ax HOKagye Bxke cama us
Gopmyaa, paa posiaaxHocti Gymkumi B pag Maxaopena norpi6o,
mo6 Bona B Toyw x=0 Mana noximmi Bcix nopsaaxis. Mix THm
¢ynkuin Moxe OyTH. AHbEPeHUIAOBAHOIO CKIIBKH 3aBIOLHO pasis,
ane B touui 0 a6o cama Boma, abo il noxiani crawTh HeckiHueH-
‘HEMH. Hanpuxaag, Qynkuis Inx pas scix 3HaYeHb X, KpiM x=0,

1 —
Ma€ CKiHYeHHY ODOXiAHY —, CKIHYEHHY & yry noxian ———1-, B3araai
y Y3 p ) y 2

ckinueHni noxiami BciXx nopsAxis, ase npu x==0 3Hauenns i camol
¢yukuii i seix i noxiguux nepecraioTs 6yTH CKiHYeHRHMH,

B nbomy..Bunasky MokHa myKaTH pO3KAany Taxoi ¢yHkuii B
CTeNIHHAA psiA, pOsMileHHN yie He-3a CTeNeHAMH X, a 3a CTeme-
BAMH X—a, Jie- @ — AKeHeOy b CTalle YHCAO, AJf AKOTO BiKe caMa
OQynknig 1 Bci i noxigni ckinuenni. Cmpasai, Axmo mu B TOYKY @
HepeHeceMoO MOYaTOK KOOPHAHHAT, NOKAABIA X—=a -k, e h —noneé
sMinne, 10. F(x)==F(a - h) crane sxoiocr dynxuieo Bix k; nosua-

BMo i yepes ¢(h), T0o6TO noxaanemo ‘ ‘

h) = F h).
Tout $(h)=Fla+-k)

Yt)=Fla+h), ¢'(N)=F"(a+th), ..., ¢ (k)=Fn(q}- B),...s
Yepes Te mo npu h=0 Mu ogepxyemo ‘ -
#0) = F (@), ¢'(0)=Fa), ¢"(O)=F(a),..., ¢™(0)=Fa),...,

io, zas Gynxuii tf(ﬁ} MOXHA CKAACTH pax Max.nopeuav:
WO+ YO+ B PO+ A gm0 ..,
m6o
ko, h2 '” hn )
F(a)—l—T F(a)+2~’ F(a)-}.. .+’—l-!F"‘)(a)+... .

Howmivaioun Tenep, mo a-}- A= x, a orxe, h=x— a, My nicraemo
Breniunuf pan, posmimenuft 3a creneHsMu piznani x—a:

Fa)+ 272 F(a) + S5 DL pra) .. AC=D pwg ..

et pax uaergafasy); pady Teiiaopa pas F(x).
Takum wunoM, skwie dynxnia Fx) nonyckae posk1an y psn
- CTEACHSMH PI3HHUI X—a, TO Hell PO3KARN NOBHUHEH OfEpPHKy-
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saTHCh y BuUrasil paay Téfunopa. Lle TeeprKenns BUNAMBAE 3 TOTO
dakTy, W0 KOAH GyskUiA MOXKe PO3KJIAAATHCH Y CTemiHHH®: psd,
TO TIIbKH OAHHM -criocoGoM, i MU Tenep 6GauuMo, AKHM caMé CHO-
cobom. ‘ . .

[pote ME we maemO HITKUX NiACTAB CTBEPIKYBATH, INO, B3FBIIH
oyukuio F{x), axa maé noxiimi BClx mOpsARis, i CkAaBmHA a7 Hel
poskaaj y psax 3a dopmyaoio Maknopena a6o sa dopmysowo Tei-
Jopa, MU Ai¢TaHEMO psn, axuf 36iraeThes I A0 TOro Mae cymoio F(x).
3Baxaoun Ha HaA3BUUAAHY BaMAHBICTD NUTAHHS, MH e pas COu-
HEMOCH Ha HBOMY. , ‘ .

Mu Gaunan (g 27), mo xoam F(x) e cyma stkOroch cTeniHsHoro
paay, mo sbiraerbcst ma intTepBasi (—R, 4 R), T0 MOXHA cTBEp-
JKYBaTH, 10 kKoedinieHTH nbOro CTEfiHHOrO paAyY

a,+ax—+...4-awr4-...

NOBHHHI OfepPXKYBaTHCh 3a dopMyaamu
. o ) ) )
do“—=F(0). ai=fg—()).’._', a"s:i—(-o—)
- nl
ToMmy, aAxkmoO 3a ymosor pan 36iraernca po F(X), T0 mMH MoO-
semo nucatd B inTepBasl Horo 36ixHOCTi piBHICTH

F) = FO + 5 FO +5;F1O + ...+ S Fo0) .. .

[Toni6Ho A0 4(bOr0 MU 33pa3 NEPEeKOHANHCH, WO KoK F(X) e cyma
pALY, pO3MIIEHOr0 3a 3POCTAIOYHMH CTeNeHAMH X—a, | xKosn BiE:
86iraerbcs, TO ue Mae 6yTu psa Te#Anopa, i MH TOAI MOXKEMO MUCATH,

x—a

Fo=F@+572 P+ E5 T P 4.t
+E ey ...

geee o

[Tpote, 3 ychoro ckasaHOro uie'He BHIJHBAE, WO, B3SABIIH AKYCh
dynxuio F(x), axa mae Bcl noxiasi, I cknapmu gas Hel psg 3a ¢dop-
Mmyaolo Maxsaopena a6o 3a ¢opmyaown . Teftiopa, mMu MoxeMmo GyTH
mesui B foro 36ikHOCTI RO F(X); MOXe BHABHTHCDH, IO UeA Pak
posbiraeTbca a6o -36iraeTbcs, ane He A0 Qynkuwli F(x). .

Xaft, HanpHKJAajK,
1

Maemo .
T
F’(x)=;,e £,
e (1 2) -1
F’(")=(zf—-;a>e." |
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F1€BaXKO OayuTH, IO NPH BCAKOMY 1
1

Foy =p(L) e s,

x i
SAkmo noxaacta x=0, To 106yTOK y mpasift YaCTHHI OCTaHHLOI
piBHOCTI cTae HEO3HAYEHHM BHUPa3oM BHraany oo-0. Ilo6 sHadftith
#Oro CHpPaBKHIO CYTh, HaNHIIEMO
1\ —+ Py)
lim P(—)e * = im eY=Ilim —~,
x—0 X ) y-ooop(y) e

y—oo

ae P(—l—)— MHOTOWIEH BIAHOCHO —.

IIpuxaapaioun npasuao Jlonitand, suafizemo
{4
%®= lim P’(y)__ lim i (y)—...=lim £=.

lim

y—ro0

ne k—crane uwucao, 60, npommepenuiopaBmE MHOrowiaeH P(y)

CTIIbKH pasis, AKHA HOro cTemiHb, MH ARiCTaHEMO CTaKy BEJAHUHHY.
Taxum uyuHOM,

FO=FO=F0)=...=F(0)=...=0,
a oMy psaa Maxaopena ana ¢ymknii F(x)=e * Mae BHLJAR

o+p.1’f+o.’§‘-'!+...+o-ﬁ-'i!-g-...,

T06TO 36iraerbcs M0 O aas BCiX X, a MiX THM e * ml NpH AKOMY
CKiHYeHHOMY 3HaveHH] x He .AOpIBHIOE HYJIEBi. '

ToMy, xoau XOTATH pO3KAacTH 3amaHy ¢yukuio F(x) y crenin-
8uf pax, TO pOGAATH Tak: Hacamnepen ¢opMadbRO CKIAZAIOTh
Baa Hei pax Maxnopena, AKmIO BoHa Mae ckivyennl moxigui Beix
nopaakis npu x=0, a6o pax Te#isopa, sxmWO Aas TOUKH X=0 ne
HEMOXMJIHBO, a JASA AEAKOrO X = @ MOXJHBO, NPH YOMY HOpMaIBbHO
/CKJIaCTH . PAR— 1€ O3HaYae NPOCTO OGuUHCHHTH Horo Koediuientw.
;.Ilani_" NOYHHAIOTHh AOCAIXKYBaTH, uH 30iraeThcd ne#l psAx; IKIIO BHU-
ABHTbLCH, IO BiH 3GiraeTbcs B AeAKOMY iHTepsaii, TO HE MOXHa wie
‘Onpa3y cTBEpJXKYBaTH, WO HOro cyMa e nana pyukuis F(x). Icuyors
ABa METOIH, 3 JONOMOrOK0 SIKHX MOXHA Hi3HATHCb, YH CyMa DAy
AopisHioBaTHMe F(x). OanH 3 HHX WTYYHHH, a/ie 3BHYAAHO Jermu#,
NoAsrae ‘B TOMY, ‘110, KOPHCTYIOUHCh BJACTHBOCTSIMH Bie OJepxa-
#HOoro 3 nponomoroio audepennjioanHa i iHmux onepaunif pany, Ha-
MaraloThCsi BCTAHOBHTH, YH € Java QyHKUifd HOro CyMoio; fiK me
3po6HTH, Hal3pyuHime 3’ACYBaTH Ha UPHKJAAAaX, 60 TYT Hemae 3a-
TaJAbHOrO NpHAOMY, MPHEATHOrO AAs Beix pagis. Jpyruft Merox

€3nocepeHifl, ane 3ae6iAbIOro Ayxe BaXKKO NPHK/JIAAANBHANA, NO-
Arac B TOMY, O Di3HHUA MiX F(x) i nepmHMH n uieHaMu ii paay
AeA0pa NMOYHMHAIOTh. BHBYATH -6€3M0CepeaHbO i HAMAraloThCA BCTa-
BHTH, KOJH BOHA IIpAMye HO HyJast 13 apocraHHAM 1. Hpyru#t me-
A MM BHBYHMO AaJi, KOJH NOKaxeMo, fAK Wio pisHHuio, TOGTO TaK
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3BaHKH 33/ 1HMIKOBHUA uaeH psany Tefnopa, 306pakaru B 3pyunis Gpopmi,
a 3apa3 BKaxKeMo, sKkHil BHCASR MAlOTh PsAAH Makjopena nas ¢yHk-
uifi, mo na#vacrime sycrpivaoteca B AHaaisi ¢yHkuift, i 3 nono-
MOroI0 Nepijoro MeToAy BHABHMO iX 30lkHICTD X0 HuX GyHKUiA.

§ 30. Posknax y pan aas dyHkuii e*.

[TocraBumo co6i 3aBRaHASM posxmacm B pAA (QyHKuio €%

Maemo
F(x) =e*,
F(x) =e*,
F'(x) = e*,
() = ex;
TOMY , / .
‘ F(O)-‘-—F’(O):F"(O) =...=F30)=...=1.

OTtxe, pag Max.nopena Moxe GyTH Hanncannﬁ BiH Mae BHIIAN
14-3 +2l+"'+ +... .

Tenep Tpeda nocni&um, i 36irae:rbcs1 ueft pax, i axmo s6i-
raetbcs, TO 4u 6yae e* #oro cymoi0. B § 23 mu nosesn, mo uest psag
airaeThes npu BCix 3nauenHax Xx. [losnagumo qepes J(x) cymy uworo:
pALYy; MaeMoO, OTXKE,

_:f(x) 1+ +2’+...+ +....

AJe Mu 1@ He 3HaEMO, 1R 6yze f(x) =e*, Jlan pO3B’A3aHHA ULOT'G
NUTaHAS HacaMrepex 3ayBaxXHMO, INO BCAKUH CTENIHHHA PAX MOXKHA
AEudepeHuioBaTH NOYJIEHHO B TOMY iHTepBaji, Ae BiH 3GiraeTocs,
npu YoMy mnpoaudepenuiioBaHuf AN Mae CyMY, HI0 JOpiBHIOE MO~
xigniit Big cymu naworo psapy. Lle A03BOASE HAM' ﬂarmcam

SO=1 TS

Mu Gauumo, HIO nponn(bepeuuiﬁosaﬂuﬁ pax 361raen>cn 3 nep-?
BicHHM, a TOMY 1 cymH ix piBHi Mix co60l0, OTXKe,

fx) =fx).
3BiacH BHIJAHBAE, 11O

o) _ L

S

f()

a yepes Te MmO §i5) e noxigua BiX ln’f(x), TO

il =1,



OTXKe,
lnf(x) =X + C,
xe C—crane. 3pince ‘

Jlamaersca me 3ayBamuTH, MO npH X=0 Bcl wieHH AOCAiAXKY-
BaHOrO psAy, KpiM BIABHOTO 4JeHa, MePeTBOPIOIOTbCH B 0, a TOMY

. fO=1.
‘Aze xoau ‘
Jlxy=ex+¢
i
' f0) =1,
TO, OTXeE,
eC=1,

a ToMy
o f(x) =e*eC=e*
mo # Tpe6a 6yno noBeCTH.

TakuM 9HHQM, MH MaeMo -

e=1+F 454 421,

DPH 9OMY i pIBHICTH CnpaBefsWBa npH BCIX 3HAYEHHAX X. 30~
XpeMa, NPpH X=1 MaeMO pax, WO X03BOJNAE OOGUHCAHTH BeJH-
RHHY €: g X

e=’lr+%-‘+.%+..“.+ni!+... .

Lleh pan manssuuafiHo mBHAKO 3GiraeTbes, i TOMY BEJIHYHHY €
I0XHA 3HaATH 3 JyXe BEAHKOIO TOYHICTIO, B3ABLIM NOPIBHAHO He-
YeIHKEe YHCAO uaeHiB ubOro paay. Cnpasai, mo3Hayaio4u uepes Rp
MAMIIKOBHA YaeH paAy, TOGTO MOKJajalouH .

11
Re=aFnitaryit

._..nl‘l:ﬂ l'+(n+1)‘(n—i—2)+(n+1)(n+2)(n+3)+...].

Uepes te mo KOXHHA WieH PALy, WO CTOITH Yy AYXKKAX, MeH-
!nﬁ, HiX Bigmosiauuf waen reoMmeTpHuHOi mporpecii , '

R,

1 1 1
TRy tagy b



TO

|
.l-n_,_ﬁ___.l:._l'-—-—_l-—l._li., .
ni 1 n!tn’

T a1

Lle o3uauae, IO, 3aMiHHBLIN € Uepe3

-1 1 1
1+T+§’!+"“+m:

0<Rn

MH NPHNYCKAaeMO MOMHIKY meHmy, HIX r:_l'}_{
3okpema, HampHKJAX, npu:n=8 MIOMHJIKA '6y1le Menma, Hix
| 1 A1
1.9.3.4.5.6.7-8 8 322560°

SIkmo, BHKOHABIIM OGYHC/IEHHd, MH TIDH nepersopesni 3pAuafs
-yux ApoGiB y AecATKOBi YPHBATHMEMO o6uucaeHHA Ha TATOMY
_JecATKOBOMY 3HaKOBi, TO aHafiieMo, 3YNHHAIOYHCh HAa BOCBMOMY
ajIeHi, : o o

e =2,71825, :

e mepmi 4 AecATKOBi SHAKW. MPaBHAbHL.

§ 31. Posknan y psi dynkuift sinx i cosx.

Ilns TOTO MOG CKAACTH PALH ans uex QyHKuin, TpeGa HacaM:

1epe 3HaiATH BCl 1X NOXiAHI ; NOKAAAAI0UH F(x)=sinxi ®P(x)=cos X
MaeMo o :

F(x) =sinx, d(x) =cosx,
F'(x) =cosx, P'(x) =—sinx
F(x) =—sinx, @"(x) =-—c0sX
F"(x) =—cCosX, P"(x) =sinx,
FaV)(x) = sin x, @IV (x)==CcOs X,

Uepes Te WO A1 060X QyHKUiA deTBEpTa noxinua 36iraeTec!

3 caMmoi0 (QYHKII€EO, TO 3aKOH OACPKAHHi noxiguux 3po3ymiant
MH MaeMO ' :

" Fun (x) = F(x), FO (x)=F'(x), F&*9 () =F"(x),
Fiin+ (x) = F" (%)

_AAs GyApAKOro uiAOro fn i aHaiOridHO AAs d(x).
Yepes Te€ 10 :

FO)=0, F()=1, F(®=0, F"0)=—1



Fm(0)=0, Fn+ (0)=1, FGn+ (0) =0,

Taxum urHOM, PAg Maxiopena

Plﬂ‘-ﬂfm

)

Fntd Q)= —1.

Anst d)ﬁxn;ii F(x) =sinx mae

-

"x X3 ..xf__’.‘l » B ‘
T sts—7nt-+¢ ?"(2n+1)1,+""

Ananarlqno AR CQS X, 32yBaXXHBIIY, MO N
D0)=1, P'0)=0, @"0)=—1, @"(0)=0,

sHAAZEMO DPAX

@

X2 4 X6 Xx2n
l—é—!+ﬂ“ﬂg*l+.oo+('—1)n(2'—"m+... .

O6unpa ui paxk 36iraioThcsad npd BCiX 3HAYEHHsIX X; cOpaBAi, 3a
osnakono JlanamGepa sHanaemo '

lim

n—+00

i anaaorivuno

lim

n—o0

=lim

x2n+l(—2_n___.1)| x2 =0
@r+1)1 a2t pn2n(@n+1)

x22n-=2)I| X
I el R oy sk

Tenep Tpeba nokasaTd, WO Ki BClOAH 36ikHi paAu MalOTh AK
cymu came dyukuil sinx i cosx. :

Tlosuauaiouu yepes ¢(x) cymy pany (1) i nomiualonn, mo psa (2)
€ pe3y/AbTAaTOM NOWIEHHOro Audepennitosanns pagy (1), pobumo
BHCHOBOK, L0 CyMa APYForo psay e ¢'(x): ,

)
@

: x x¥ , xb .
?(x)=T—"§T+§T"""

x2  xt

?(X)=1—2!+—4~!——....

Iudepenuiooda Tenep nodwnenHo paa (2), Aicranemo

P =—T+5— 5+

ane meft pax 36iraeThCs 3 NEPUIHM PAAOM, SKINO BCi 3HAKH B-HbOMY
8MiHATH Ha CYNpPOTHBHI; 3BiACH POGHMO BHCHOBOK, INO

@

?"(x) = —9(x)-
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3aynaxmuo, KpiM TOro, MO

“) : ~ 9(0)=0, ¢'(0)=1,
B qomy) MH NEePEKOHYEMOCH npocmM niactapasHHaM X=0 B pand|
i@

CnipBigHOIEHD (3) i (4) LOCHTb AJAdA TOro, 06 ZOBECTH, LI
cy(x)—sinx. He wMaioun MOXJAHBOCTI BAaBaTHCh N0 De3YJbTaTiB
siki opepxyeMoO 3 saraapHOi Teopii nudepeHniatbuux PiBHAHD 1
JO3BOJIAIOTh 6€3NnocepesniM mAAX04 NPUATH AO IBOTO BHCHOBKY
MH CKODHCTYEMOCH TaKHM mquHuM cuocoéou Hacaunepezx nepe
KOHAaEMOCH, IO :

e(x)cos x—q'(x)sinx

‘e crana ﬁenuqnﬂa. Cnpaen, ii noxizina nopiBHioe HyxaeBi, 60
¢'(x) cos x — ¢(x) sin x — qa”(x) sin x— '(.x) cos x=0,

gepe3 Te IO «q;(x)=- 9" (). Hoxnanamqn ' x=0.1 xopucryloyncl
piBHiCTIO (4), 6aunmo, mMoO
(5) R (x)cosx—ey(x)sinx==0

6o nlBa wacTHHa cTana i NepeTBOPIOETLCA B Hy.nb npu x=0.
[loxaxemo Tenep, mo
(6) ‘ () sin x4 ¢(x) cos x = 1.

Cupasni, y ¢yHKui ¢(x)sin x- ¢ (x) cos x noxi,u,ﬂa JAopiBHIOE B!
Aesi, 60
¢'(x) sin x 4 ¢(x) cos x +q>”(x) cos X — q:’(x) sinx=0

B Hacaipox pismocti ¢(x)=-—¢"(x). Orxe, posrasayBana cpymmi
@(x) sin x}¢'(x) cos x cTana, a wepes Te IO BOHa AopiBHIOE 1
x=0y Hacaigox ¢'(0)=1, To pisxicTp (6) noBenena.

Ane Toai 3 piBHoc'ri (5) 1 (6), posrasnarouyn ix AK piBHAHHA
Bu3HaueHHa ¢(x) i ¢'(x), 0Apasy aHaxoaumo -

¢(x)==sinx, ¢'(x)=cosx.

Lle nae MO)!(JIHBi;:’;‘!;‘OCTaTO'IHO HanucaTH
r x5 7 .
snx-— 31+5l 7!—-[-...,
cosx=1—§'-l+ﬂ-,—é—l-+;.. i

Cnoci6, skuM MM AOBEJH, WO ¢(x)==sinX, He MOXEe HE BHKA
KaTH AeAKOro nouyTrs Hesanosoneuocﬂ Cnpaspai, Bix € a6comolﬂ

* znxuln P{x) e posn 930K AudepenitasbHOTO pmmmlm y"-]— .
3aranbHHR fHTerpan € y= Acosx- Bsinx, ne A i B-— poBlashl cram 3a
IKYIOUH, IO 9(0)-_0 1 ¢’(0)=1, 3vaxoaumo: A =0, B=1, 3sinku q(x)—sm
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TOYHHUM, ajle B TOfl ke gac HaxTo mWtyunuM. [Ipasjga, MOKHA RaTu
Jesike NOsCHeHHfA, YOMY MH CTaJd JAOBOAMTH CHPARENAUBICTb piB-
Hoctedl (5) i (6): mepenGauaioun, mo Hama QYHKUIA ¢(X) AOPiBHIO~
' BaTHMe Sin.x, MH HaMarajuch, BJacCHe, JOBECTH TOTOMHOCTL

sin X cos x — cos x sin x = 0,

sin?x-}cos?x =1,
aje TaKe TNOSCHEHHS HaBPAX UM MOXeE IITKOM HDHMHDHTH 8 UM
crnoco6ou.
KpiM Toro, mo e Baxausiule, npumauu poskaany GyHkuii ex
y paxa i poskaany sinx i cOsX NokasywoTh, IO CNOCOGH TYT s
KOXHOrO Bunaaxky okpemi. IlonuBuBmIHCH, AKX MH NepEKOHYEMOCH
y Tomy, mo pan Maxjopena 36iraetbca came xo Tiel yHkuii,
AN aKkoi BiH 6YB CKJaAeHHH, MU 30BCIM He 3HAEMO Iue, fK le 6ynae
JAOBOLHTHCHh B iHINMX BHNaAkax. Tomy B. HaCTYnHOMY naparpadi mu
nepeiraeMo A0 BHBYEHHS TaK 3BaHHX 3aJUIIKOBHX UJ/EHIB paAny
Tefaopa a6o0 Maxsopena, 60 aicTaHeMO TOXI MOXJUBICTb, He
BA3IOYHCHh A0 WTYYHUX cn0CobiB, 6e3nocepesybo pPo3p’a3yBaTH NH-
TanHa npo 36lxkuicTe UMX paniB mo 3asaHux ¢yskuift, Ilepex TuM
AIK NepeXOoAHTH A0 UbOrO MHTAHHA, CIHHAMOCH Il HA OXEPXKIHHUX
pasax ana sinx i cosx. Mu Bixke 6aunad, mo Hi psagd 36iraloThcH
B BCiX 3Ha4eHb:X. 3ayBaXHMo, 10 36iraloTbCsi BOHH JAyXe
wWBHAKO. AJie gasa TOro mo6 OO4HC/JEeHHS 3 AONOMOTOK IUX pALB
CTaau AKHaAROpOCTimi, HaMaraoThCsa 1€ MOCHJAHTH IX 306DKHICTB;
3pO3yMifo, 0 YHM MEeHWe X, THM pany 36iraioThCs WBHALIE ; TOMY,
3amicTb TOro, OO OGUYHCJAATH, HANPHKJIAA, SInX NpH RAHOMY X,
MH 3 AONOMOrOI eJeMeHTapHuX ¢GopMya TpuroHomeTpil 3BOAHMO .
me A0 oGuucaenns sin abo cos Bixg Ayrw, WO JAexutb Mix O i
{—, a gepes Te 10 -4T=0’785"° » TO MOXHA PO3rJAaAaTH Hami pagu
AMIe AJs 3Ha4YeHb X, MeHWHX Hix 1, ¥ ubOMy BHNAaAKy Hami
) OYAYTb 3HAKONOYEPEKHHUMH PANAMH, YJAEHH SKHX MOHOTOHHO
najaioTh, a TOMY, 3a Teopemoio § 14, AKkmo MH ypBeMO P4 Ha
R-My ujeHl, TO 3pOGHMO NOMHJKY, aGCOMIOTHA BEJIHYHHA HKOL
MeHa aGcomomoi BeJIHYHHA n-}1-ro uieHa.
Hanpukaan, xafi Ham NOTPiGHO OGUHC/IUTH Sin &, e & 3aA0BOJbHSAE

Pep‘innicu%f<a<n; HacaMmepesn MM Hangwemo
‘ sina ==sin (x —a)
NMO3HAYA09H ®— & uepe3 B, 3ayBaKHMO, IO 0<B < T Tenep,
yaﬂamn Hanpnxnax,
, o sinf=—atEn
BB POGHMO NOMHAKY, @6€O/IOTHA BeJHYHHA AKOI MEHma Hix
i 37 : x? .
7! 47 5040 °



: qepes Te 1o % =0,735... < 0,8, T0 HaBiTh HafrpyGimuf mig~

pPaxyHOK mokasye, mo mnomuiaka O6yae menma Hix 0,0001. Taxum
YHHOM, TiIIbKH TPbOX 4JeHIB pPALY ROCHTh, IO6 YXe AYKE TOUHO
O6YMCAHTH BeJHYHHY Sin a6o cos. Came nuM crnoco6om i Ckiaapa-
10TbCA TA6JUIl HATYPaJbHHAX BEJHYHH TPHIOHOMETPHUHHX GyHKIif.

§ 32, dopmyan Tedaopa i Mamoﬁeﬁa. SaAHWKOBHHA WieH
y dopmi Jlarpanxa.

IMpunycrumo, mo ¢ynkuis F(x) e cyma axoroch 361KHOrO CTes
NiHHOFO PSIRY; MH BX€ 3H2EMO, 0 B IbOMY BHIAAKY pAKk Gyﬂ.q
paaoM Makaopena, i MOXeMO HamHCaTH

Fo)=FQO)+ 3 PO+ 3 PO +... 42 Fo 0 +... .

3aminuMO BenuunHy ¢Qyskuii F(x) depes cyMy 7 nepuiux uie
361:xHOro A0 Hei pany. s noMuska, iKy MM 103HAYaTHMEMO uep
Ra(x), e, oTxe, pisHHuA

Ru0) =F(x)— [F<0>+—f-£'(0)+ HFO+. ..+j,‘—';F<"><o>] :

1lIo6 ouinuTH BeanuHHy Uiel nNoOMuAKH, MH BBEAEMO OLHY 3&
razasey GopMmyay, sky NpuiiHATO HasuBaTH GQOpPMyn 010 Makic
peHa™; ii MOXHA NpHK/JalaTH He TiAbKH A0 ¢ynkuifl, mo xony
CKaioTb PO3KJIAK Y a6imuuﬁ cTeniuuuRt psAx, ante A A0 MHPIIO
kaacy ¢yskumif,. °

Orxe, BialineMo mokaWo Bix PIAiB 1 MPOCTO PO3IrAAZATHMEM
¢yukuilo F(x), siamocHo axol BiAOMO, M0 BOHA .Mae
noxigni A0 n--1-ro nopamky.

- PosrasiHeMO SIKyCb TOYKY X ==X, i 3’acyemo,

PO BEJHUHHY '

Fso = [FO -+ 2@+ .42 P |

Lls BenHunHa HAM HeBizoMa, i MH 'HaMaI‘aTHMeMOCb OUIHHTH
Ha6JaHKEHO. 3 Ii€l0 METOI0 3anHueMo W0 BEJAHYHHY

741
Xo

(n+l

NOKAAAECMO

3anuTaeMo cebe, AKOI GyAe NMOMHJKA, AKY MH JONYCTHMO, su(:a

ik ie M HeBIIOME HaM TOKHINO CTaZe WYHCIO,

. 'l-l-l
(xo)—[F<0)+"°F'<0)+ i F<"><o>] S

. * B.nacne KaXYUH, TAKA Ha3Ba, TAK CAMO AK 1 Ha3Ba .cbopuyua Teiinopa*,
i nyxe BXKHBapa, aie HenpasHiabnga, 60 Teilnop i Maxnopen -KOpHCTyBanuCh X
HeCKIHIeRHHMH psmauu,a topMyny 3 SaAHIUKOBHM WiCHOM ynepme BubiB Jlarp



3anucana ¢opmyna He MICTHTb HISKOrO TBEDIIKEHHS; BOHZ
NPOCTO € BH3HAYECHHAM HeBiAOMOi HaM MOKHINO Beanunnn M. Ulox o
TOro, YOMy MH He MPOCTO NO3Ha4YHJH OLHiel0 GYyKBOIO PI3HHIIO,.

"Iie CTOIThb y Jisiit wacTHmi ocTaHHbLOI piBHOCTI, a Raau nepesary
n+1

TOMY, w06 nucatd il y Burasai -(n—fl—_‘-’—l)—l i posraspatH sAK Hesi-

ROMe 9HCIO0 M, TO ue Jerko nosacuutH. Cnpasii, Koau 6 F(x) 6yna
CyMoI0 pAny Makaopena, To B Touni x, MH Maau 6
‘ 41

Fs)— [ O+ PO+ + Z o 0] = 20 e 004
+ i O+,
3BiAKH ‘
Re)—[FO+ P FO+...+ Fro )] =

41 X

A+l
“wEm[m oo g

Ae M e cyma paay, 0 CTOITH y KBaApaTHHX AYKKax y npasiif
vacTui pisHocTi .

B saraabHOMy BHNazky, Koau HesinoMo, um Moxe F(x) Gytn
Cymoi0 3GiKHOro paay Mak/aOpeHa, MH IIYKaeMO BHpA3 AJA pisunuk

F(xo)— {F(O) +RFO)+... + Ii‘L—"! F(")(O)] .

- . ] -
¥y Tit xe dopmi -—xo-—-M, i ouwinka BeauunHua M jae HaM MOXKJAU~

(r-+1)!
BICTh BCTaHOBHTH, MOXXH& UM He MOXHa F(x) Po3kaacTH B pAA.
[loBepuemocs n0 popmyan.

-F(x,) "—' [F(O) -‘—,%—"Ff(g) +.. '+,jc',__6; F(")(O)] — (/’?fl) .

Ae M—noxkumo Hesizoma BeAnyuHa, 1 HamMaraTHMeMOCh OLIHMTR
Mo BEJIHYHHY. . ' _

- 3 ujelo MeTol0 BBeAEMO AoHOMiHY (yHKuio ¢(x), AKy ‘BH3Ha-
W2I0Th PiBHICTIO ' i

X ?(x)::F(x)_F(O)—-’;—F'(O)——...——;%F(n)(o)___(niw-{%’

e-M—T1e x wncao, AK i B nonepeguii popmyai. INopisHiolOU"E
' opmyay 3 nonepexnnoio, Mu 6aunmo, mo 9(X,) =0. Kpium Toro,
03yMino, mo ¢(0)=10, 60 y ¢opmysi, mo Bussauae ¢(x), npn
ciasagsei 0 saMmictn x ycl uaeHy, KpiM, MOMJHBO, ABOX nepe
» €PETBOPIOIOTLCA B HY/b, a ABa NEpIi B3AEMHO SHHULYIOTHCA.

L




«Teneds n-} 1, romy gxkmo F(x), 3a npunylneHHsM, Mana noxi
J0 n-1-r0 nopsaaky, To He Oyle cnpaBeiiuBHM i mm c(»(
O6uncanBid Hi noxiasi n.rm (p(x) MaTHMEMO .

3aysaxumo, mo ¢(x) BifpisnsgeTbed Big F(x) mumwe Ha unoromg

S0 = F’(x)—-F'(O)-—--—F”(O) — ey PR 022,
“P”( )C) — F”( .’C) — FW(O) — _1_ FIII(O) —.. _ (n_'x:zj_!, F("n)- (0)___ (—_rllwfI)xl
9™ (x) = F® (x) — F")(0) — 1—”5 :

(P(Il+1) (x) = F(n+1) (x) —_—

Ane MH BXe rOBOPHJIH, WO cp(O)—-O i ¢(xo)=0. 3sincs, &
-Teopemoio Poaas, po6HMO BHCHOBOK, IO 3HAAAETLCA TaKa TOYKA X;
ano Mictutbed Mik O i X, Aast akoi ¢'(x,)=0. 3 Apyroro 60k
3 camoi popmyan, ska Bupaxae ¢'(x), Buxuo, mo ¢'(0)=0. Ilp
XJAaAA04d 3HOBY. Teopemy Pouuid, po6HMO BHCHOBOK, 110 3Haﬁ11e"rbcq
‘raka Touyka x; Mixk -0 1 x;, B Akifi noxigHa Bix q:’(x) 106710 9" (X))
nepeTaopmeTbca B HYJb, OTKE, <p”(x2)-—0 Ane, 3 gpyroro 6oxy‘

9"(0) =0, ax nokasye ¢opmyaa s ¢°(x). -

Snosy npuknagaeMo teopemy Poaas ir. a. TloGaunmo, Hapemﬂg
10 ¢ (x) nepeTBOPHTLCA B HYJb Yy skifich TouHi X, i B Toyui 0}
3BiACH, BOCTAHHE MNPHKIAJAAOYH TEOPEMY " ‘Ponas, . puBeniemo, 1wo
<p(”+1)(x +1)==0, 1€ Xn41 A€XKHTH Mik 0 i°X, a oTie, Mix O 1 X,

Ane ¢tD(cny1)=FOD (Xar1) — M, a TOMY 3 ¢*D (Xn11) =0

BHIJINBAE, IO
M= F®+D (xny4),
CaMe mio OMiHKY MH # xo'ri.rm o,u.ep;xam Taxmu mmou, ME Te-
qep MOXEMO HallHCATHe

Flx))=FO)+ PO +. _f_eﬁrm O+ (_-;-—1: Fot) (xm )

Je NP0 YHCAO Xpyy HAM BIZOMO TiNbKH 're, MmO BOHO JIE)RKTI: Mix
A1 x,
I{epea Te mo usn dopMyaa crnpaseiHBA A5 6y AbAKOI TOUKH Xos
10 inzexc 0 MOXHa Tenep 3HHINHTH, abH TiAbkd F(x) mMajaa noxiami
Jo n-+1-ro nopaaky AAs BCAKOro 3 poamanyaaﬂnx SHavYeHb X,
Toni snafizemo

Flx)=FO) 4+ F’(0)+~~+ F(’(O)-I-( +1), D (8x),

“me 0 e uuCAO, D10 NeXHTH MiX 011 (6o B upoMy sunazky 0x Jae-
-KHTb Mixk O i x).
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Lis dopmyna mae Hassy gapuysu Makropend, ipm qomy Bipas
. oxrtl ;

e

'rax SBaHuf - SALUMKOBUL HALH. niei q)opuy.m, ‘B3ATHA Y gopmi
f epanica, (Mn nobauumMo: nam, 'mo iwoni sannmxoauﬁ tmerr 3anu-
yioTh 1 B {HIHX- dopmax).

~Koan' 6 ¢yukuis F(x) 6yna npocTo MHOTOYNEHOM 7 -0 CTENEHS,
T0 MH Maau 6 F@+)(x)=0 npm BCiX " 3ﬂaqeuuax x, 1 'ro,zxi nome-
gemmn dbopmyaa npuinsaa 6 Bmvisw;

F) = FO+ T FQ+ ...+ 5 FO 0.

.:B *3aranbHOMY - X Bunam{y, KOJIH F(x) ne € MHOTOUYJEH, 3po3y-
uino, IO 33/HINKOBHA, WISH, HE ;l.opiBmoe lLnyeBi Ase xoau moxinHa
n--1-r0 NopAAKY JHMIMAETHCS OGMEKEHOI HABKOJO TOUKH X ==0,
TO MOXHA CKa3aTH, MO npﬁ.ngsy 0, thxnia F(x) NOBOXHTE cebe
Mafike sK unorouen. K

Y npomy- BHHAAKY NONEpenns cbopmy.na Aae nyXe HPOCTi Ha-
6nuxeni” BUpa3H AAA F(x) IpH X, nat‘mumenomy no 0, a came

F0),  FO)+-v TFO); F(O)-l— F’(0)+2.F“(0),» ‘s

Baxano, 3BuuAAHO, MATH auanontmy QOpMyJy, AKa JO3BOJUTD
SHAXOZHTH. HaGJHXeH] BHDasf IAs “(yHKUl 1mo6an3y BiX nesKoi
TOYKH X:==a.-TaKky (GopMyay .Jerko ofepxarH. Hpunycxaxoqu, mo
F(x) mae toxigui 10 n-1-ro nopxm(y BKJIIOYHO B AEAKOMY iHTep-
Baa, WO, MICTATL TOYKY *.@; 1 npriMaoyd. . X = a+h, poarasiaTh-
‘MEMO % K HOBe 3minne 1 peaniuny F(x) :Fla4-h) AKX pyHKuio

BiA A Sxmo
f(}z)-—-—F(a»—]:@, -

fly=Fla+h, FO=F@),
(&*W@%m.ﬂm PI(4),

.V,.{,-..g..

Foty = Foacpa), OOy Fo@,
f(n+11(h) F(n+l)(a + &), f(n+1)(0@ = F(""'l)(‘f':i" 6/1),

a Tomy, npﬂxnanamqu ‘20 f(h). Lbopmyny Max.nopeﬂa .
Ry =10)+7 f’(0)+ —l— f‘ ’(0)+( +1)  fe+(84),

3HaaeMo

Fla+ k)= F(a)—[— Flay+-: +—- (">(a)+

10 .

+(+nﬂﬂm+m,

ze, 3k 1 panime, MaeMo 0 < 8 <]

7 2960. Teopia pamis . : 97



ok cbopMyJ;.a Mae ;iassy gopmyu Teiinopa, a Bupas

h +1

e F+1)(a |- 04

€ saauwkosuii waexn Biei Q)opmym, B3ATHA y gopmi Jazpanaica.
: M#u MOxeMO MOBTOPHTH TYT Te€, WO paHimie ropopuiaocs n
¢opmyay Makaopena : MOXKEA, AKINO F@+1(x) AMmaeThes 0OMEXEHO

B CyciacTBi 3 TOukOi0 X==a, samiuarty F(a-+ k) naGiuxeno e

F@), Fa)+%F@, F@+1F@+EFa,....

O6pasHo xaacyqﬂ F(a+h) no6JH3y TOYKH @ NOBOAHTH cel@
Mafixe K MHOTOUY/JEH, PO3MillEHHH 32 cTeneHaMHu k.

Popmyay* TeAnopa sanucyiorb 3acTo B iHIHEX (opMax, Hanpn
KAaj, 3aMiHA04H @~k uepes X, TO6TO h uepes x—a, ,uic'raneut

F(x)::F(a)-}—x—'aF'( )-|-...+(’c ay Fo@)+
+(J(cn:_ al)) . F(n+l)[a+6(x—a)].

Slkmo B uifi ocranuif ‘dopmyai noknacTH a==0, MOXHa 3uos‘
. omepxatH dopmyay Makaopera.

Hapewri, nixano siasmaunth, mo gopmyay Teknopa MoxHa PO
IAAJaTH K y3araJbHeHHs TeopeMmu Jlarpadxa npo ckiHueHHHA np
picr. Slkmo X nOpiBHIoE AKOMYCh CTAAGMY HHCAY X=b, TO

Fb) = Fa)+ 222 Py 4= pray . +"’“‘“’ P4+
: +(b:—ag)"" F(n+l)[aTe(b_a)]

s ¢opmyaa cnpapeinnBa NPH BCAKOMY 1, AKINO TIAbKH Q)ymtlm
Mae noxiaui po n-t-1-ro nopaaxy. 3oxpema, npu n==0 BOHa Aal
. ¥ X b_;'a C )
F(b)=F(a)+———F'[a+9(b—a)] '

Ase uepes Te mo 0 < 0 <1, To a4 0(b—a) euncao, WO AEKHTI
mix a i b. [TosHayaloun ue uucao yepes §, MaeMmo :

Fb)—Fa)=(b—a)F'(%),

a ue € 3pHuaftHa q)opma TEeopeMH JIarpamKa npo ckinvenHu# npxi

pict; TyT a<<ti<b.
[Toseprawuncs A0 (bopMme

F(a+h)=F(a>+ F@)+ ...+ 57 Fo(@)+
Fo+h(g - 6h),

+(n+l)l
98



Ba)XXHMO, IO B Hill @ MOxe GyTH OyAbsKMM 4YHC/IOM, 46K ¥ PyHK-
 F(x) icHypanm noxizxmi g0 n-+1-ro nopsaaky B cyciAcTsi 3 TOu-

a. 3aMiHAI0YH TOMY @ I4epe3 X, moxemo dopmyay Tehaopa
aTH Y BHFASE

F<x+h)—F(x>+ L
)

Fix+B)— F@) =1 F()+ .o h 3 FO0+

NI (n + 1) ' F<n+1>(x+oh)

B mif dopmi popmyaa Tefinopa noxasye, mo npupict yukuii
MimEeHHl 3a 3pOCTAYHMH CTENEHAMH HOPHPOCTY il aprymenTa.
®opmyaa Tedsopa Mae uucieHH] i pisHOMaHiTHI NPHKJEAaHHA.
iM Teopii pagis, Ajad AKoi Mu ii BHBeaH, BOHA ayxe LiHHA. i B Oa-
bOX IHINHX OHTabHAX. 3oxpema, xajai MM no6asumMo ii mpukJaa-
HA A0 3azadi npo Bixmykanna MaxcamyMy i MiRiMyMmy ¢ynxiii.
Tenep, mo6 He Biggaasatuch Bix Teopli paais, He Gyxemo pos-
AaTM UMX NpHKJIazadb ¢opmyan Tehnopa, ‘3ate MH 3madgemo
ONMH BAPa3 AJd 3aM4WIKOBOro wieHa uiel ¢opmyan, 60 Ans
pii panie oasiei .Jlarpamkesoi ¢opmm sarnmxoBOrO uAeHa He-
HTh.

v § 33 Sa.rmmkonni ll.uen y q)opui Komi

Bisbmemo dopmyay nonepenuboro naparpaq)a :
F(x+4 h)=F(x)+_Fr(x)+ . +_F(n)(x) +

e +1)!F( (k- 0R),

Mnu 6atmmo mo pi3nnug :
Fot — [F)+ 2 P+ oo 2 o o)

fkacb (yHKWA Bix X; no3Hawaloww i uepes Ry(x), Mu xouemo
afitu asa Hel Temep Tpoxu immufi Bupas, 60 ¢opma, fiKoi ifi Ha-

B Jlarpanx, He 3Baxaiounm Ha BCWO ii cnpomeﬂicn, Anopi e He-
yuHa.

TakuM UMHOM, TNOKJAAJNAIOUH

Ri9) = FGa+-B) — [F) -+ 2 POy 20 P00

iyxa'nmemo iHuX OmiHOK /st Rn(x).
Xaft x-}h=x, i, oTXE, h=X7—X.
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Posraapaoun x, ak CTajne, a x AK 3MiHHe, MO)HA CKa3aTH, |
Rn(x) e dynkuia x, BuU3HAYyBaHa DiBHiCTIO o S

X

Xo— X L (— )
Ro) = Fl)— [ FG)+ 50T oy o . o o= 2 P,
Ane us ¢ynxuis NEPETBOPIOETLEA B HYJb Y TOUII X,
MOXHa NEPEKOHATHCh, G€3NOCEPeNHBO MiACTABASIOUH X, B
piBHiCTB.’ ,
Hani, noxinna Bix Rn(zy) BHMDaXaeTbCA Tax :

R =~ )+ F ()~ B2y o =Zpuy |y
+ (i(%?__xl___))”!—l Fo)(x) — (ﬁ%ﬁf p(n+l)(x)_ .

et Bnpals MH XICTaHEMO, SIKIIO 3ayBa)HMO, IO KOXHUA é}n
Y. KBaApatHif Aykui € XOGYTOK ABOX CHIBMHOMXHMKIR i noxin

Y, — X)k
Bi,l( (ﬁok'*)l:(k)(x) e .
‘ _(xg—x)1 () (xo"‘;x)k () B -
TE:T)T—F (x)—I—TF (X) k—-l, 2,...,n.
3aveaxumo Temep, mpo y &opmyani, sxa Bupaxkae R;,(x),\
KpiM OCTaHHBOIO, MOMapHO CKOPOUYYIOTbCH, B HacJaigox

Ri(x) = — o2 pos ),

_ 3a reopemoio Jlarpamxka ‘MPO CKiHYEHHHA MPHPICT MOXHA Hanw
caru

Ri(i)— Ri(D=(r =) RifD),

ze £ e uncao, WO JexuTH Mik X i X,
Ane mu ®Ke Gauwanm, wo Rn(xo) =0, Tomy

N — R,,()C) == ()Co - x) R;(E),
a6o o |

Rel) == (20— 1) C =5 i)

3aysakuMo, WO 9HCIO §'MoxHa sanmcaTn y Buraaai x--04,
0<b<1, 60 Toni BOHO JICXKHTH MiX X i X~ h=x,, TOMy X;—E=
=Xg~X—0h=h—0h=H(1 -3&) Otxe,
=m0k, xy—b=h(1—0), x,—x=n,
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1li cmiBBigHOWIEHHS HKO3BOJAIOTH nepenncam nonepezHio bop-
lyay y BErasmal

Ra(x)=nh [_.’.l_(_l__,__]_ F(n+l)(x + Gh)

OCTaTOUYHO

(1 — )
nl

Ru(x) = Fotd(x - 67).

Lle i e gasumnosuis wren gopmyan Teinopa y dopmi Kowi.
Haranzaemo, mo y ¢opmi Jlarpamxka 3aiuikOBHA YNeH MdB BUIAAL

kit
@+

Mu 6armmo, o y dopui Jlarpamxa 3HaMeHHHK e(n+1)! a He
1, TOMY 3HAMEHHMK IIBWANIe 3pOCTae NPH 3POCTaHHI N, ane 3arte
(bopm Komi uncenbHHK micTHTh BHpas (1 —6)7, ge 0<08<1,
06TO. BHpa3, WO npsmye IO HYJs TUPH 7 HEOOMEKEHO 3POCTaio-
omy. Touy npu  po3B’sisaHH  nUTAHHA npo Te,, 9K, Ra(X) npamysa-
BME X0 HyJs i3 3DOCTaHHAM 7, Hi OFHA 3 dopm 3aAHmKOBOro
JEHA He MOXe OYTH.Hanepef BHM3HAHA KPAmOl; MH NO6a%HMO
ani, MO 3a/1€KHO BiJ BHMAALY KOCHIAKYBIHHX ¢ynxmﬁ IOBOJAHTLCHA
KODHCTYBAaTHCh TO OAHI€I0, TO APYTOl0 (HOPMY.IOLW.
. Uiaxom asaaoriyuo i gra ¢opmyan Makjopena MOXHa 3HaHTH
BaMHIIKOBHE - uieH  yaxe He B ¢opmi Jlarpamxa, a y ¢dopmi Komi.
3a ¢opmy.om Max.tzopena MAEMO |

P =FO+5 FO T +';’§——, r@)(t» R,

ne, 3a Jlarpamkem, saﬂumxosuﬁ tmeﬁ Bnpamaerbm y BHIIAA

Rufx) = i P (- O),

Rilx) = Fo+(0x).

(n+1)!
‘ ¥ ¢opmi Komi R,,(x) c.niz;\sarmc‘am Tak:«
Rofr) =20 =0V PO 0),
. Cnpasji, axumo piaﬁnﬁa‘ |
Fat-B—|Fa+E @y + 2 o)
y,,({)opMi Kowi nosunHa 6yTH sénucaua vau.erp,i
| | ’i"ﬂ’%:‘_q)_" F("+1>(a+ z),
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TO, 3aMiHsiouH. A qepes X; 3HahfieMo Aaas pismumi

Fat9—|Fa+EP@+ ..+ 5 F<">(a>]
. BHpas

ﬁl_(’:!__e)" Fe+d(g4-6x)

- i, Hapemwri, moxsagaoun @ =0, NPHALEMO X0 WIyKaHOro Bupasy A1
SaJHLIKOBOTO YieHa DALY Maxnopeﬂa y (popMi Komi: ,

xmH(

Ra(x) = ____1_—_—__0l Fin+1)(6x),

§ 34 npumanannn dhopmyan Te#inopa no 3amaui npo nmmy
: KaHHf MaKCHMyMY i mﬂlmymy

Mu 3H3€MO, IO TOUKA @ HA3MBAETBCA TOUKOI MaKCHMYyMY
dynxuii f{x), axmo icrye taxu#t inTepman 3 eHTpPOM y TOUL{ @, HIC
IJIS1 KOXCHOI TOYKH X 1bOrO, ift

Y| 7 Tepsany
fx)<fla).

Inakme kaxyuqu, icHye Taxa
qUCAO 8, mio AAd BCAKOTrO A Iid
- MOAYJIO, MEHIOMY Hix 8,
MaeMo

fla+ k) < fa).

Tak camo TO4YKa 4 HasH-

N |

B4E€TbCA TOYKOIO MiHiIMyMy jaJf
dynxnil f(x), Axmo 3HaAALTHCA
Take 8, IO M BCAKOro A,
|#] <8 maemo

flat ’l) > f(a).

Mu 6agnnnm (,Jdudepenuianpue gncaeHH®, posn. IX, § 80), mg
Ansi 3HAXOJKEHHS THX TOYOK, e f(x) Mae makcumym a6o uiHiMynq
Tpe6a pO3B’A3aTH PIBHAHHA

F®)=0

i, AKmMO @ € OXHH 3 KOPeHIB UbOro PiBHAHHA, MIACTABUTH BEAHYHHY
X=a B npyry noxigny f"(x) mamoi- ¢pyuxuii. flkmo npa meomy A
cranemo f'(@) <0, TO @ € Touka MaKCHMYMY, skmo f’'(a)>0, To a
€ TouKa MiHiMyMy Xas f(x), 1, napewri, axmo f"(a)=0, T0 nHTaHAL
JHIIAETHCA BEPO3B’a3anuM, 60 f(x)y Toull @ MOXe MaTH uaxcuuyn

a6o MiHiMyM, a6o He MaTH Hi TOro, Hi JIPYroro
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Tenep, koau mu osHafiomuaucs 3 ¢opmynoio Telrniopa, Mu MO-
JKeMO 3HOBY MOBEpHYTHCh X0 Iilel 3amaui i MaeMO MOXJIHBICTb Pos-
s’asaT i p0 xiHus. } Ce T

3ayBaxHMO HacaMnepen, MO Bce 3BOAHTHCA O BHBUEHHS 3HAKA
pisuuni fla-+ k) — fa) naa nocuTh Madux 3HaveHb A.

CnpaBni, Mmoxe a priori ana saganol ¢ynxuii f(x)i aag seaxol
TOYKM @ CIOCTepiraTHCh TiJbBKH OAMH 3 TPbOX BUNAJIKIB:

1) npr Bcix XOCHTb MaJHX 3HA4eHHAX A pisnuug fla-} k) — f(a)
Bix'eMHa; .

 2) npu BeiX JOCHTb MAaJMX sHaueHHsax A pismmusa fa -+ h) — fla)
JOojaTHa; o SRR

3) sixe 6 Mane He Gyno h, pisnuns fla-}-h)— f(a) He 36epirae
3Haxa, ToOTO Moxe MaTH i gonatHi i Bin'emni 3sHaueHHsa,

B nepmoMy BHMNajaKy 4@ € TOYKd MaKCHMyMY.

Cnpasai, aKmo )

fla+h)—f@) <0

NpH BCIX JOCHTHL MANHX 3HAYEHHAX k, TO Ile O3Hadae, MO 3HAHAEThCA
TaKe 8, MpH AKOMY JJs Bcix |4 <8 nomepeaus pisuuug Bix’eMHa,

T06TO :
- fa+h<f@  |r<d.

Ane ue i € HepiBHICTB, IO XapPaKTEPHU3YE TOUKY MAKCHMYMY.

B apyromy Bunaiaky, Mipkyioud 380BCiM aHaJOri4yHO, nepexoHy-
€MOCh; IO @ € TOo4YkKa MiHiMyMmYy. .

Hapemri, B TpeTbOMy BHNAaAKy B TOYNi @ HEMAae Hi MaKCHMyMY,
gi miniMymy, 60 koam 6ysn0 6 Te a60 apyre, TO 3HaHumIOCA 6 Take
3, npr axomy aas Bcix |k| <8 pisnunsa f(a 4 h)— f(a) 36epirana 6
3HaK, 4OrQ HeMae 3a HAUM NPUIYINEHHAM. :

Tdaxkum ydHHOM, MH [epPeKOHaJHCh, IO HHTAHHA 3BOJHUTLCA JO -

BHBUEHH# 3HaKa pisHHLI: fa+-h)—fla)
HA 3HAKA | _ a — fla).

flkmo mpunyckaru, mo Qynxuis f(x)' Mae noxigui xo n41-ro
fOPAAKY, TO W0 pi3nuuio 3a ¢opmyaow Te#sopa MH MoxeMo nu-
caTd y BHrAAnLi

fa+D—f =1 f @+ @+t
+ DG e,

ne 0 < 6 <1 ) ‘ .

CkopucraeMoch nieio Gopmya00 AjAd pO3B’A3aHHA OHTAHHA PO
3uak fla + k) — f(a). Hacamnepen npuiimemo n =0, T06TO HAMHOIEMO
¢opmyay Tehaopa y Burasai o

fa+ 1) —fl@) =1 f(a—+0h).

Slkmo f(a) £ 0, To npH K0CHTb Maioumy k1 f(a--0k) Takox £ 0
1 mae Toft xe 3mak, wO # f(a) (60 f(x) BenepepsHa). ToMy Bupas
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hf'(a--0k) mae 7ok ke  3HaK,. mo # Af(a), a- gepes Te wmo f(a)
cTane, To Af'(a) amiHioe 3HAK, KONHK A SMiHIOE 3HaK, NepeXOAITH Yepes:
Hy/1b. 3BiACH BHN/AKBa€, MO pisHuus f(a - k) — f(a) He MOxe 36e-
. piratu sHaka, #Ke-6 Mane He 6yj0A; a'TOMYy B TOUIi @ He MOXe
Oyrn Hi MakcuMyMmy, Hi MimiMymy. Taxum uunoM, sxumio f(a)#0,

TO B TOYIl @ HeMae Hi MaKCHMyMY, ‘HI MiHIMyMYy. :

Orxe, aa8 TOro, mob6 dyHkuis f(x) Mala MaKCHMyM a6'6:.-”Mi-:
HiMym y touni a, neobxinno, mo6 -

- F@=0.

IHaxme Kaxyus, TOUKH MaKCHMYMy 260 MigiMyMy TpeGa myxkatn
cepel KOpeHiB piBHAHHA : ' '

r@=0o

[punycrumo, wo f(a)=0, i gé’nnmemo suoBy dopmyay Tefinopa,
ane sxe npuimasmm n="1.-Toai

@D @) = B @)+ a0,
3ayBaXHBIH, WO
f@=0,

AicfaHeMo' :
et =fa) =57 faton:

SJxmo f'(a) ‘;6"0,'1'0 i f”(a—}i—ﬁl_z).;éu TIPH IOCHThL MaioMy A, Hpu
uomy suak .f"(a-{-6k), sbiraerncs i3 sHaxom' f'(a).(Go f'(x) Heme-
‘pepsHa). Uepes Te mo MHOXHHK @T‘EQH?TH"‘F‘ npu Beix snaqem-mx:
k, 10 suax pisauui fla-}k)—f(a) Gyxe TO# camud, mo i suax f'(a).
Tomy, axmo f"(a) <0, To. fla-+h)—f(a) <0, i, oTxke, MH Maemo_
TOuKy Maxcumymy. Tak camo, akmio f(a) >0, To fla 4 h)—f(a) >0
IpH BCiX AOCHTH MAQJHX fI, TOOTO MH MaeMO TOYKY MiHIMyMy. =

Omxe, akmo f'(e) =0 i f"(@) <0, T0 MH MaeMO MaKCHMYM,
fKwo f'(@)=0'1 f*(a) >0, 70 MmaeMo MinimyMm. ' ,

Y Bunagxy, axmo f(e) =0 i f"(a)=0, Mz nanumemo Qopmyay '
Teinopa, Ba3siBmM Bke n =2, T06T0 ~ =

flatb)—f@) = priat-on),

Mipkyloun Tak caMo, Ak i.paHime, Mu '6a¥uMO, 1O NMPH HOCHTH.
MajoMy £, akmo Ttiabku f”(a) # 0, sBak f”(a-}-6k) 36iraerbca is
snakoM f"(a), a gepe3 ‘re mo /43 3mimioe 3HaK, KOJH A NPOXOAUTD
yepes HyJsb, TO 1 B€Cb BHPas y TpaBii YaCcTHHi, a- pa3oM 3 HUM
i pisunns fla~f-h)—f(@) smixioe suak; ToMmy ‘B TOUui @ Hemae. Hl
MakKcuMyMmy, Hi MiBiMyM™y. " T )
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‘Tenep MH MOXeMO mepefiTH A0 PO3r/IALY NHTAHHA B 3araAbHOMY
Barsini. [Ipumycramo, mo f(a) =0, f(a) =0, ..., f*=D(a)=0, ane
1™ (a) £ 0. B rakomy BuUnajgky (opryaa Teﬁnopa aacte fla-h)—

_ f(a)=$ f®(a--6k), 60 BCi unenu, WO AXYTH mNepex WIEHOM

%f(")(a—]—eh), MepeTBOPHIACh Y HYJb,.

Yepes Te mo MH npHRIYCTHAH, IO f®(a) #0, TO UPH - KOCHTD.
ManoMy k BHpa3 f"(a--6k) mae To#t xe 3HaKk, wo i F*(a) (Mu Xk
npunyckand, mo f(x) Mae noxigsi mo m—1-ro nopsaky, OTxe,
J®(x) menepepsna). Hani noBeseTbCH PO3PISHATH ABa BHNANKH :
KOJIM 1 mapHe i KOJH BOHO HemapHe..IKuo 7 mapHe, TO A" 3aBXAu
' IORATHE, a TOMY BHAK NPaBol YaCTHHH 36iraeTsca i3 amakoM f(a).
3piacH BANJHBAE, IO NPH JOCHTH MANOMYy A pisnuns fla+ k) —Ff(a)y
mozarHa HpH f"(a) >0 i six'emsa npr f®(a)< 0. Otxe, axwo
TiBKE ﬂ")gz)‘<'0,‘ TO 'MaeMO MaKcHMyM, @ npu fim(a) >0 maemo
MiHIMYM. S '

. Koau x n nenapme, To A" 3MiHIOe 3HAaK pasoM 3 k, a Tomy i pis-
muua fla+ h)— f(e) sminoe sHak, TO6TO B TOULi a HeMae ‘Hi' Ma-
KCHMyMY, HI MiHIMyMy. ' " . T 7 e T _

Pesiomyioun Bce ckasage BHINE, MH NPHXOJHMO A0 TAKOrO BH-
CHOBKY: . T ‘

Has Toro mo6 swafTd ToukH, Ae PyHKUiA F(X) Mae MaKCHMyM
260 minimym, Tpe6a po3s’a3aTH piBHAHHS , :

J'(x)=0.
Xalhi @a—oaun 3 KopeHiB HbOro piBHgHHA. SIKUI0 B NOCHINOB-
#ocrti f(a), f7(@)..., f®(a), ... nepuie yucro, Bigminue Big Hyas,.
f®(a), T0, y BUNaAKy fKUO 7 HemapHe, B TO4Li @ HeMae Hi’
akcumymy, Hi Minimymy, Koau K » napue, To npm f")a) < O
aEMO MaKCHMyM, a mpr f(a) > 0 — miniMym.

Mpuknan 1. 3nafita MaKCHMYM 260, MiHiMyM QyHKuii
) =(@—x.
L Fw=—t@—ats

‘Kopeni uporo pisHsHaEs
- x=0, x=-+}a i x=-—a,

Maemo

st poc/ifxeHHs UMX KOPeHie OGYMCAKMO, 3TifHO 3 3araNbHUM
ipaBuioM, f'(x). 3uafizemo ’ :

o o f(xy=~—=6(a? — x?) (a2 — 5x?).
3pincn Mu GesrocepeAHE0 -GaYnMO, WO APH X ==0
F1(0)=—6at <0,
TOMY TOUYKa .x-—--O € TOuKa 'MaxcuMyMTy, =
105



Ane TOYKH x——+a i x=—a pas Apyroi noximmi Jal0Th 3HA
qeHns, piBai HyJesi:
f+ a) =f"(—a)=0.

Tomy 'rpe6a nepem‘u ). o) 'rpeTboi MOXiAHOT
frx)=—6[— 12a2x —+-20x8],

3Biaku

F(ha) =—48a3)
F(—a)=-+48a",

B Tomy i npyrouy sunaakax f’’' 6yne BiAMiHHOI0O Bix HyJIﬂ, a ToMy
HeMae Hi MakCHMyMYy, Hi MiHiMyMmy. ,

Mpuxaan 2. 3HAHTH MAKCHMYM a6o uiﬂiuyu i8¢ cpymcuﬁ
fx)=xte=*,

Maemo SR '
Fx)y=e*(4x*— 2x5)
Yepes Te WO e-x’_fO TO pianmma

, flx)=
3BOANTLCSA AQ PiBHAHHS ,
4x8—2x5 =0,
KOpeni AKOro- - o o
x=’0 x=+V2 i =—1/§
3uatinemo f'(x); Maemo:
F(x)=e* (4x° — 16x4 + l2x’)

flpn x=+V2 Xx*=2 a ToMY.
'EHVH=F(—VD=—82<0.

OTxe, B TOUYKAX x———{—lff ix= —-V-(pymcum Mae MaKCHMYM.
[Tpu x=0 Mu MaeMo :
F'0)=0,

ToMy Tpe6a xocaigutu f7(x). Maemo:
f7(x) =€ (—8x7+ 56x° —88x - 24x);
uepes te wo f”(0) =0, To foBeaeTbed xocainuta fHV)(x).. [licranemo:

FON(x) == — 2x¢—*(— BT |- 56.x5 — 883 - 24x) -+
' (— 569 - 28054 — 264x2 - 24).
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Tenep yxe npu x=0 MH MaeMmo
JE(0) =24,

a ToMy B TOouli 0 MaeMO MiHIMyM.

§ 35. 36ixnicts panie Tefinopa i MakropeHa.

ﬂOBEpHEMOCb ,u.o paAaiB 4, Mal0UH B CBOEMY posuopsikenHi ¢op-
myaun Tefjopa i Maxnopeﬂa CYAHTHMEMO MO BHIJALY iX 3aJHIIKO-
BHX ujeniB npo 36ixuicTb paAiB Tefnopa i MaxiopeHa.

Copasai, xa#t F(x) € axach ¢QyHKUiA, WO Mae moxiAgui BCix no-
paaxie y touni x=0. O6Guncasioun BenAHyHHH mOiel dyHKmii i ii
NOXiZAHHX y Touui x=0, MH MoxeMO (jOpMaNLHO HAMHCATH T pax -
Mamopeﬂa

,_F(0)+—F’(0)—|—...+;F<">(O)+.‘. v

Ane; Ax yxe rOBOPHAOCH B § 29, HaBiTHb KOMM MH nepexoHa-
JIUCb Y TOMY, IO BiH 36iraeThca B AEAKOMY iHTepBaJi, MH Iie He
;a:?e)uo npaBa 3BiACH 3POOHTH BHCHOBKY, INO HOro cyma AOpiBHIOE

x -

Illo6 misHaTHCh, uH 36iraeTbcs psAx Makiaopena no ¢pyHkuii F(x),
MipKyBaTHMEMO TaK;-13 CaMOro osHaueHHs 361XHOCTi Q)ymmioxanb-
HOrO PAAY BHIUIHBAE, WO KOJH DSl

1(0) (%) .. A 2a(D) ..

36iraerbcy A0 Aeaxoi- pynkuii S(x) Ha GyabakoMy iHTepBaii, TO ue
0O3Ha4ae, IO HJA KOXKHOI TOUKM X IBOTO iHTEepBaly MH MaeMo

Hm {8(x) — [ay(x) + #al6) +. .. +2a(2)] } =

TO6TO . pisHmusa Mix S(x) i cyuoxo n nepiiux uwieHiB poamanyaa-
nor@ pany nmoBMEHA NPAMYBATH IO HYJA NPH HEOOMEKEHOMY 3pO-
CTanHi 7.

Takum uymHOM, Akmo F(x) e cyma psanxy Mawxopena

-F(0)+§_F'(0)+;‘—jF"(0)+...+,f‘l—'l'Fu(0)+...
Ha nemco»iy inTepsaani, TO ne O3Hadae, MO |
H@—k@+.mm+ +Z ﬂwﬂ

NOBHHHO NPAMYBATH X0 HY/AA NPH HeOOMexeHOMY 3poc'ramﬁ n.
aBNaKH, AKIIO U Pi3HAUA NPAMYE N0 HYAS NPH HEOOMEkKEeHOMY
POCTaHHI 7 NpPH JAeAKHX X, TO MOXHAa CkasaTH, mo F(x) e cyma

3[JAAYBAHOTO PAXY Maxnopena BJs HHX 3Ha49eHb X.
Ane posrasaysany DiSHHIO MH Ha3BaJH 3aJHIMKOBHM UYJEHOM i

PO3HAYH/IH CHMBOJOM Ri(x). Onxe, OHTAaHAA PO Te, YH 36iraeTbcs
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pax Mamopeaa a0 ¢yuxnii F(x) aas aaHoro 3Haqeﬂua X, expiBa-
JEHTHE NHUTAHHIO [P0 Te, Y mpsaMye Rn(x) no HYJA TIDH HeoOMe-
J)KEHOMY 3pOCTaHHl 7. D',Jm Rn(x) MM MaeMmo /Bi 3py4Hi ONiHKH:
dopmy Jlarpanxka :

(41 (b

i popmy Komi
R ( )__ E.G:ﬂ_ F(n+l) (Gx)

[l BuUpasu. .AO3BOJAIOTh Y 6iJlbI.llOCTi BUNAAKiB PO3B’I3aTH MU~
TaHHA APO 30DKHiCTH PAAY AO AaHoi dymxuii, sk MM e n0Gauumo
Jani Ha 6araTbOX NPHKJIAAAX.. 3ayBaxuMOo, HaNpHKJaf, IO KOJH
y PO3rJfyBaHOL ¢dbynxnii moximmi Bcix nopsuu(m Iaa 6y AbSIKOrO
3HAYEHAA X Y JAEAKOMY iHTEPBaJi JIHIIAIOTLCS 3a d6COMIOTHOIO Be-
JHYHHOIO MEHII SIKOroch CTaJOrO AONATHOrO uHc/Aa M, To pax 36i-
raethes AQ F(X) nas Bcix 3HayeHb X Ha ubomy iHTepBaJIi Cnpasxi,
TOAL 3 (110pM14 Jlarpanxa Maemo.:

M[)»+]
AqulhﬂM 0 VS IpH 7 S _H;x'
RS )Y paMye I y np ——*00 A B )J(raﬂat{e %

n--1 . ‘ : X
( )il_ 01 € wiIeH abCoMOTHO 36ixmoro.ma BCix snayeHsb x pany (§ 23)-

Ile mpocre 3ayBa)KeHHa J03BOAMTS, HANpHKJAL, saHOBO HOBECTH,
o pax . .. - : o
N

T 31151

36iraeTsCs A0 sinx, B 4OMy MM BxKe nepekoHaauch y § 31. Cnpasai,
pOSIIAAYBaHHA DAX €, K MU 6auunu, pay Mamopeua Aas GyHKUil
sinx, a yepes Te IO MNOXijHa 6y,u.bm<oro nopsAKy BiJ sinx e a6o
cosx, abo — sinx,.a60 — co0s X, a6o sinx, To Bci i noxigni obme-
xeni (He Oimbuie 1) ,zum BCAKOTO 3HAYEHHS X, a- om(e Ha nigcTasi.

|
m+nv

nofepeAHbOrO 3ayBAKEHHS LIS ibOTO PALY |R,,(x) ] <=, TOOTO.

OpsAMY€ IO HYJAd AAA _BCiX 3Haqenb,x.
LliikOM Tax caMO KOBOAMTBCH, IO PAX

1—§+E—”f

36iraeThea 0 q)ymchu cOs X.
Ilepen THM AK HEPEXOAUTH XO mnmx, yxe HOBHX, NpHKAANIBE
poskiaais QyHkuif 'y pan Mamopena sayaaxmmo o Bce CcKa-
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3ane i psmy Maxnopena MOXHA AOCJiiBHO noa'ropnm AN pARy
Teliopa. - .
OTxe, A1 TOrO m06 psm 3

F@+ET2 P @+ +("—"—")—"F<n>(a)+...
sggagc;x KO F(x), Heoﬁxmno i JIOCHTI: mo6 3a/IMIIKOBHH wIeH fioro,
TOOT S
Ri(x)= F(x)— [F(a)—l- F’(a)+.. +(" 2 po (a)]
HpﬂMYBaB 110 Hyas. A.ne et 3anumxosuﬁ tmen Momua Bnpasmn

y (bopmi JIarpaHma S

Ri(x) =GO +}), F<"f+1>[a+e(e;~—a)1

a6o y dopmi Kormi
Fe4D [a+ 6(—a))

R (x)= (x—a) :.(1‘

Lli Bupasu maioTh MOXAHBICTE CYAMTH Npo npsmyaamm 0 Hymr
3aJMMIUKOBOIO queHa‘B ni.nomy PpAnl BaXJIHBHX BHOAajKiB.

P

~ § 36, Posxnan y pan ln(l+x)

MH Bxe; Bmauaqmu B § 29, mo poskaacta Inx y pan Makxno-
pera He MOxHa, 60 ¢yukuia i il moxigui He O6yAYTH CKiHUeHHHMHU
BTO4Nl =0, ane ¢ynkuio.ln(1-}-x) moxHa poskaacTa 8 pag Mak-
JIOpeHa CnpaBni NOK/1aAaI0H

F(x)=In(1 —|- x),

3HakeMo o o

F,(x)zl_—ll-—_x" .F‘(l\})(x):;_ llﬁ.)gu ,

1 S .

- F"(x'):—-——_‘——»-_-—, ..... . .
(1 4-x) § 1(,2 1),
g o2 TTR=EDT g
F(x)—“(1+x)"’
Tomy ‘ I

F0)=0, F’(O)=l - F*0)=—1, F”(O).#2l,'
FIN(0) =—381, ..., F0) =(—1y—1(n—1)!
OT)Ke, pfm MaKJropeHa Anda niet (pymcn:u Mae Bm'mw;

e TS N kR
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HacaMnepesi, 3ayBaumo, 10 iHTepBaA 361KHOCT LBOTO PALY
€ (—1, 41), B YoMy MOXHA NEpPEeKOHAaTHCh, X04Ya 6 3ayBaXcHBIIH,
mo . .

: n
lim—— =1

(zuB. npo inTepsas 36ixkHOCTI § 24). ' ,
3sincu BUNAMBaE, MO JAA 3HAYEHb X, A8 skuXx |x|> 1, B3arani
He MOXe 6YyTH MOBH npo 36hxmictTs pany. Slkmo |x|<1, psax Ha-
nepHe 30iraethed, aje Tpe6a me noxasat, Wwo came a0 In(1-4-x),
i, HapewTi, Tpe6a ROCHXUTH, WO BiAGYBAETLCA B KIiHIAX iHTEDBAIV

36ixnocti, T06T0 npr x=-}-1 i opa x=—1, ~
Slkmo x==-—1, To Ham P NepeTBOPICETHCH B A
i 1 11 .1
2 — 3 4 ;.'. n Cery

JKHE pO36iraeTbes, 60 BiAPI3HFETHCH BiA rapMOHIYHOTO JHLIE THM, -
o Bci HOro u/jeHu nmomMHoxeHi Ha —1, ,

ToMmy BMRNagOK X==-—1 MH MOXEMO HE DOSIJAA3TH.

Tenep BuBUAMO 3HaueHHA X, AAd AKHX — 1 <x<1, i noxusu-
MOCh, U 30iraeThCs AAd HAX Haml pAx A0 In (14-x), : '

3 uielo METOI0 HANHINEMO HOrO 3aMHIIKOBHH uieH sk y Qopmi
Jlarpanxa '

ey (— 1Pl
Rn(x)—(n+ 1 F( +1)(Qf)‘~ mE ) (l+0x)"+‘

"__(—-1)"( X )“"'"
o T \TFbx

Tak 1 y ¢opmi Kbu;i
xH(1—6p (— 1)t -

X (1—8)" s . s
'—T—— Flt )(0&) ] =

! . n!(lj»\ﬂx)*"*-l
ot 10\
=it (1+0x>

Ins 3uauens X, Takux, mo 0 << x < 1, MH Maemo 0 <<

=3

Ri(x) =

P .
a ToMy 3 ¢opmu Jlarpamxa snafiemMo -

, 1
! Rn(x)lém ’

i, otrxe, R,(X) npsamye 10 myJs, KOAH n HeoGMexeHo spocTae. Jas
3HaYeHb X, wo Jaexarb Mix —1 1 0, popma Jlarpauxa se n03BoO-
JAs€ CyIMTA TpPO npsMyBaHHA Ra(x) mo Hyas, 60 supas-1-}-0x
MoXe OyTu sK 3aBrOAHO. MAJIHM HNpH- X, 6aH3bkOMYy a0 —1. Ta
3are ¢opma Komi nae simnosizp Ha naTanHa. Skmo —1 < x<<0-
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TO MOXHA 3HAATH TaKe AONATHE UHCAO 7; MO 03> x> —r>—13
TOAL

’ ‘ M+l

‘ |Rn(x)|él—__—'

2

6o
1—6
0<t¥mx<!

146x>1—r.

Mu 3HOBY 6aunmO, MO R,(x) npAMye N0 HyJIs nNpH HeoGMexe-
HOMY 3pocranui s, 60 3 0> —r>—1 BumumBae 0 <r<1, a ToMy
r*t! npsMye X0 HyAf NPH HeoOMEKEHOMY 3DOCTaHHI 7,

- TakuM YHHOM MH NepEeKOHAJHCh, IO PO3rJsayBaHuf psap AlACHO
s6iraetbea 10 In(l1-x), axwo Tiabke —1 <x<<1, i MH MOXeMo.
DHCATH '

x X2, x3 xn '
ln(l-|—x)=T-’--2——+’§-—-...+(——1)"‘171——{—-... ——-l<x <L
30erma, npu x=--1 MH oAepKyeMO Ayxe nikaBy piBHICTB:
R -1 .1 1 4,1 '

ln2=1‘-"§-+§'—_ Z+o--+(_l)n—-l;+ocn .

. 3 panoM, mo CTOiTh y -npasiﬁ uvactunl niel piBHOCTI, MH Bxe
sycrpivazuch y § 14; mu Gaumny,mo BiH-36iraeThes, ajse He abeo-
JAIOTHO ; TeNep MH 3HaeMO, mO #Aoro cyma € In2, '

& 37. Cxnananns TaGnuuy, Aorapudmis,

 dopuysa o
. - 2 3
O+ =F—F+F— T,

BHBEXAEHA B NOnNepeAHbOMy maparpadi, cnpaseinuBa JHINE JAT
BHAUEHb X, N0 3aA0BOJLHAIOTh HEPiBHICTL —1 <X <1, npote, Mu
PYMIEMO CKOPHCTaTHCb HEO JAJad O6GuHcaAeHHs JorapupumiB ycix
YHCe, .
3 uielo METO HacaMmepeJ 3ayBaXMMO, IXO, 3aMIHAIOYA B M0-
pepeaHit piBHOCTI X Ha — X, MH OXEPKHMO HOBY (popmyay
x x xn ’

lﬂ(l~x)=fT—-§———3"~..._?—;.- ’

6yae cnpaaeMm npu —1 < —x<1, 70670, inakue xamyun,
ppr —1< <1, ' , : S



UYepes Te MO -pi3HHud - ABOX 36KHHX DAAiB € 3HOBY 36ixuuf

PAN, NpH 4OMYy HOro cyMa € pisHuNd MiX CyMaM JABOX 3aJaHHX
PALIB, TO MH MOXEMO nncam

nl—l—x_
1—x

_1n(1»_x)=2[;‘_.+§+-’;-+_
2t
TR s |

npH 4YOMy Ud piBﬁiCTb 6yne cnpaBejauBa AJS 3HaueHb X B IHTep-

Bani— 1 <x<--1, ane Bxxe He npuAaTHa Hi IpH X==—1, Hi npH
x=+ 1. : . .
Xait n e AKechb Lile YHCIO; MH 3dBKIAM MOMEMO BHSHAUHTH X
3 piBHOCTI L=
- T4x w41 -
.“"—TUF

I=Xx “n "~

Cnpas,ai ro.uix—;—r—i arxe, 0< x< I Tomy nis maﬁne—

14+x
HOTO 3HAUeHHS X TiJIB‘KKﬂlQ Hanucaﬂa dmnw»ﬁ n,na In +

l —y l'[pa'i
?BHJIbHa, i MH MO}KeMO Haﬂl’lcaTPl
n+1 1+x y [
—in T—x 2n—|—1+3(2n+t)3+

1
+smrrt "1
SBiIKN BUNANBAE; m,o

: 9 PY
1“(’H‘l)_“"""z —I—1+3(2n+1)3+5(2n—|—1)5+

TakuM 4HHOM, 3HAIOUH BXKE, JOMY AOpiBHIOE HAaTypaJbHHA JOras

pudpmM aKOrocp u;moro YhGaa 1, MH MO)KEMO 3a uielo d)opmy oi
3HaliTH, YoMy JAOpiBHIoE ln ([t—l—l)

11z cpopmyna Ayxe SpyuHa AJis onc.nexm, cnpaam axmo B Hiﬂ‘
CHHHHUTHCA HaA yaemi

2p—-1 Y=l

TO OCTaua 6yne zlo.u.a'mnm tmc.uou, MEHIIAM HiX
et
Er 1 (2n + 1>2P+1 (2n+ Ty

o (2n+ i

TR 1_( 1 ) \ ;.(42p+1>(2,%;)@@m+l.g;;:
2n—+1 ’
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O'rqic_e, MH. NOBHHHI -BOJCHHUTH, éouy MH xopucryei(‘ocn, piBmicTIO
In(A4<e)=1In A—}-a[h’a (A4 1)—1n A].

- BeTamoOBAMO, %KY NOMHAKY MH POGHMO, KOAH NpUAMaemMo, wo
HCIO0, AKe CTOITh Yy JiBi 4acTumi, AOpiBHIOE UHCaAy, WO CTOITH
Yy npasiff wacTuHi. M Maemo '

In(A+a)—In A—afln (A4 1)—In 4] =
=-‘“(‘+%)—“‘“(1+%)=(2"—§Lm+
at ] 1.1 1 .
oz ) o7 gt g —)=

_o(l=—a) a(l—a?) | a(l—a3)
T2A AT T gAT e

. Pag; mo croite y  npasid yacTHHI niei piBHOCTI, € 3HaKOMOUE-
PEXHHA i 3 MOHOTOHHO CHAaAHWMH WieHaMH, 60 0<a<L1; Tomy
y a(l —a

(§ 14) #oro cyma memma nix (2A’ ), a yepes re mo O0<ea<<l,

. 9 ,
TO no6yrox a(l —a)’:}—(a-‘—%) He Glabie ;i—, a TOMY CyMma

ﬁﬂny<8—3173<!—%.:. 6o . MM mpHRyCTHAH, IO A AekuTh Mix 1000

1 10000, ) :
Taxkum 9unOM, OPHAHABIIH, WO JiBa YaCTHHA OCTAHHLOI pirxocti

—6
RopiBaioe 0, MEH POGHMO MOMUIAKY <198—-, a TOMY MOXHa BBakKaTh
IIKOM BHNPaBAAMHM Te NPABHAO, SIKE BYHTH HAC npufiMatu
lg(A+a)=1gA+tallg(A+1)—I1g A].

Ananoriuso MoxHa 6yn0 6 BUNpaBAaTH Te NMPaBRAO iHTEPNOMs-
Wi, 3 JOMOMOrol0 fIKOr0 HO JaHOMY Jorapupmy BiAWYKyeTHLCHA
AHCHO, AKIWO NULOrO YMC/IA HEMae B Tabauuax Jorapuduis (axk ue
sBHuafiHo # 6yBae). ' ,

- § 38. Binouiubnnﬁ pan.
PO3rAREEN0 PO3KAAL Y PAA Maxnopena zas dynsxul
F(x)=(14-x)",

A¢ m-—sKe 3aBrOAHO CTaje uHCAo. Koan 6 m 6yno moAaTHEM ui-
JHM YHCJIOM, TO MH Maau 6 8a dopmyusow 6imoma Hbiotomai

‘(1+x)f'!=a»l_+‘—lm~x+”—l(,—7.———;1),x2+...—i]—

Rt i g e
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3apaa no6aunmo, 110’ KoAK m € 260 uife Bia'eMue, a60 Apo6ose
uncao, poskaan (-4 x)™ mpeAcTaBAseTbCA BXE HE Y BHIAAAI CKiH-
9eHHOI CyMH, @ Y BHrAsAl psaay, axe fioro koedimieHTH MATHMYTh
TAKHA Ke BHTASH, AK Y dopmysi Ginoma Hbm'roua. Cunpagai, no-

KNABAIOUH
F(x) =1+ x)”',

MH 3HaAIEMO . S

F(x)= m(l +x)=t, . F0)=m,
F'(x)=m(m—1)(1 + x)ym—2, F”(O) =m(m—1),
F(")(x) m(m——l) (m~—n—|—1)(l+x)"'-"

F(")(O)——m(m—l) .o(m—n--1).
Tomy pan Makaopena aas cpym(uh (1 x)™ mae Burasg

140 B 1) 1)x=+...+’”(’”‘"11)2._ At Dy,

Le#k psan, m.o NPHPOAHO YDHBAETHCH ~'HA UAeHI X™, KOAH m—
yucao wijge, 60 Bci Hactynmi xoe(biniem'u TOJi AOPiBHIOIOTH HYJEBI,
aas m apo6osoro a6o uizoro, azne BI’eMHOrO0, BxKe ¢ HeCKiHUeHHHM

saaoM. JlocaigumMo nutauHs npo #ioro 36ixkHicte i HpO Te, UM €
14 x)™ fioro cyMo0 AJf THX 3Ha4eHb X, AJf AKHX BiH 361raeTbca
Hacamnepen 3sposymino, -me iHTepBaa 361)1(;10&:1'1 1bQro psmy €

(=1, +1), 60

lim m(m—l)-...-(m——n)_ ‘ 12‘..,~.,
mo | 1201 .-(n+1) m(m—1)- . —n+1)|
m+1
~lim| +1 =l [1—2 'tl

Otxe, pmx HameBHE pos6irae'rbca npu | x| >1 i s6iraersca npy
]x|<1; momo TOwoK X=-11i x=—1, TO Tpeba npoBanATH
oKpeMe JOCHilKeHHs. ;
* POSIIAHEMO 3aJMHMIIKOBHA' WIRH HBOro pAAy Y (popui JIarpamxa’,

m(m 1)-....(m—n)

Rl¥)=—"3aFD)
fikmo 0:<<x<<1, 10 l+6x>l' a Tomy. npa n--1>m maemo:

(1+°x)""" m:o;lym<1

.{C',"H(l + fx)ym—n—1

OTtxe,

IR.( )r<”‘(""‘") "('ngf;n)x"*‘ n>mt.

A/le B TaKOMY BHOAAKY OpH 2> m— 1 | R(x) 1 Menmre n+1 ro!
ujaena psny, sGikuicts skoro npH — I < x<-4~1wM# TIALKHILO KO-.
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BEJH, & 'rouy R,.(x) npamye 20 Hyag npa 0. <x<11i npn HeoOme~
tenouy 3pocTassi n.
Homﬁno X0 1bOro, MPEACTABATIOUH. Ru(x) y dopmi Komi -

, R-_u(.’c)'-?m(m-——ll)2 : n)xn+l(1+ex)m—n—l (1_9),.__
(m—1 ) moif 1—0Y"
_m(m 1;' '(m —1) ni1 (1+ex) 1(1—|—e})'

moMinaemo, mo xoan — 1< x<0, 10

l-R;(x)l<m(m 1% (’" )| g1,

Ane # ned Bnpaa npsmye A0 HyAs npn n—coi npn —1x 0,
- 60 fioro MOXHa poamsuxam Ak n--1-4 wnen peskoro paay, axuft
36iraeTncs, 60

lim | Uni

n—rc0 Ull

—limm—=D-...-(mn—n)-1.2-... (A=) x "+
noo 1¢2: .-m-m(lﬂ-l)..,A..(m_._n_.l_.l)lxln -

=|x|<L

m-—n
S e
n.

=lim|x||
; B 00

TaxuM YHHOM, 6a9HMO, mO pPO3r/asayBaHn 6inouia.ubunﬁ psx

1+’{‘-x+’”(”‘ Doy gzl mond ),y

" He TiNbKE- 36iraerncqa npH ———1 <x<l ane i Mmae. CyMoio Q)yﬂxnho
@ +x)'" T06TO

(1+x)m—1+l +’”"" Dot

g_+_m(mv—ll)2 (m n+1)x"+

mpr (—1<x<1) . S

Hlono . Toyox x=-+11 x=—1, To AA% HUX MH He CTaHEMO
Aocaipxysath 36lxuicTs pady, 60 He ROCAHIKEHHS NOCHTb CKJAALHE
(moBoauTLCA pO3pisnaTH Bunazok m >0, BHnmagok —1 <m0 i
BHNAZOK Mm<'—1), i O6MeXHMOCH BKa3iBKOIO Ha Te, WO NpPH AO-
.tamouy m _GinoMiaMbHHM - PAX JHIMAETbCA 361KHEM I AAs x—--f—/f
i s x=—1, npag —1 <m0 Bin s6iraeTbca Ana x==-4-1, '
posbiraetsca mas x=-1,.1, papemri, npn m< —1 psm 61-
raegpcs Ak npH x=-F1, Tak i npu x=

Tenep npuKIafeMO ORepXKaHl Pe3yAbTATH A0 posmaxfr B PAR
immux Qyuxuift, Gesmocepeinso 460 maCepefHso on,epéxylo!m i
paan 3 GiHoMiaabHOTO pim.y
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- § 39. Posxnan'y psa arcsinx.

SIxmo Mu y ¢opmyat 6inoua oK REMO m==—-—;~ i unﬁmuo x
gepes x?, To AmicTaHemo
S Tar x4+ @)
Yi= 2 ) 2 4

cest2n

IpH YOMy I (bopmyna 3a JIOBEJEHUM, cnpasezuuaa npu x2 <],
10670 1npH —1<x<1 (MOxHa 6yno 6 ROBECTH, IO BOHA JH- .
IAETHCS CNpaBefIvBO0 1 npy x=x1). i
B § 28 6yao mosemeno, mo cremiuui p;um MOXHA nou.nexmo
iaTerpysatu B iHTepBaJi ix 361xHocCTi. IHTErpylouu Ham psw., xicTaHeMo

1 3 x5
arcslnx—1+23 5.4 5+ -+
1.3..... (2n--11) X2+l

+ 2:4-...:2n 2n+1

List opmyaa 3HOBY Gy ne cnpaBeisinBa: ANS — 1 <x < + 1 (i Mmox-
Ha 6yao G joBecTH, mo i g x==x1).
3okpema, SKmO NpHMyCKaTH, IO (bopmyna AoBemena i gaa

x=-41, 10, 3ayBax<y10qH. o arcsinl—g, niCTaHemo
1-3 1
l+2 3+2 -4 5+ +
eee@n—1) 1.

+ 2_-4-..,.-2¢ (2n+\1)+";;

Lis dopMyAs nae MOMAMBICTD HAGAHXKEHO OGYHCIWTE YHCIAO .
IMpore, unm x MmeHme, THM paf 36iraeTbca MIBHALIE, TOMY 3PYH-'
uimoio AJs OGYHCIEHHI MOraa 6 6yTH, HanpuKJIag, TaKa ¢dopmyda,

OJlepiKyBana 3 poO3kJaAy arcsinx, ge xX=

"'"—3— soe &

§ 40. OGyncrenns eXinTHUHHX inrerpanin 3 RONMOMOrow
: . Teopiil paais.

3 iHTerpaJbHOF0 YMCJAEHHS BIAOMO, IO Mﬂ quncnenm AOB
MHHH Ayrd Jeskoi kprBoi, 3axaunoi B uapdue'rpuqmﬁ ¢dopui

X = ?(t)h y= q’(t)y

NPHKAAJIAETLCH (bopuyna ,
s =-[Vx“+y't@a
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a ne# ocraunift pax abiracTocs, 60 #oro uiaenH mexm uaenis nporpect
14k kot |
3EaMeHHAK sKol B <L

"~ TakuM 9YHHOM, HaWl pAA € naalcopoaanuﬁ § 19) a ToMy foro
MOXHa 1H'rerpyBa'm NOY/IeHHO Q) 20), i Mu anaﬁneuo

0 : ‘ S0

)
ks fsin‘q:dqa-- )
0

Koxunft 3 mux iRTerpajis OGUHCASETHCA S0BCIM e.neuem'apﬂo{

? ,

11 1

——— i —_——

3 4kfsin4<pdcy 5
h _

]
O>IC°

. ) ® o
O6MexxuMOCch OOUHCACHHAM JAJS BROAAKY, KOMH ¢ == R Mossauusm
yepe3 ¢ NePHMETD einca, MaeMo ‘

c=4afVl—kzsin2q>dcp.

Otxe, AOBKHHY XYTH eninca MOXHa OOGUHC/IHTH, xopuc*ryloqncﬁ
panimie BHBEICHHM PAAOM :

” : L3

Z ) g |
®= 1 e oy 101 R
a=4a(—2-~f§k2‘!sin'?dq»:—§-Ik*fsm‘q»dqa.—
. 4]

2

3 )
§k fsin“q:dq:— )
1}

O6uucnumo, YoMy nopmmoe ’

1
~2

i

Jz,,::fsm?"qadq) ' n=123,....

"Maemo ‘
= L3

z
: f sin”"q dy= f sin”"—l ¢sin ¢ dy.

Inrerpyeuo YaCTHHAMH, npaﬁuaxo!m sincpd<p 3a dv i sm”‘—r "
3a u; 3HafmeMo

T

fsinz"cpdtp—-——sm”'—’(pcoscp/ 4 (2n— l)fsin”"’cpcoschdq»

LR
2
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Orxe,

°\ wfa

2 . .
sin?¢ de =(2n—1) f sin?»Zqcos? pdp =
0
;
= (2n — 1)f sin2"—2cp(l—-sin2 ¢) do=.
=(2n—1) fsin2"—2<p de—(2n—1) fsin"”' ¢ do.

k.

Uepes Te IO MH NO3HAYHIH f sin? ¢ dp uepes Jan, TO -
s B

noBHHeH OYTH noanaqeﬂnﬁ qepes Ja—2, 1 nonepexnio boOpMyaAy
MOXHA MepenHcaTH TaK:

Jon=02n — 1) Jop—2— (21— 1) Jon,

3BiKH
2nJon = (2n— 1) Jon-2,
a6o
2n—1
J2n = _n—Q—I‘z— J2n—§
Uepes T¢ mo mne cnir " WeHHS cnpaBeAjuBe NpPH Béaxouy n,
70 “
2n—3
Jon—g= 2;: — 2‘12:;—4:
Jon—g == ‘g%:§ Joa-6
3
Ji = Z"Iz
Ane

-
L 3

g o ()}

JTlepemuoxyioun: nousenno Bei nonepesui piBHOCTI, MK 3HafinEMO-

: “2n—1 2n—3
J2n'J2n—2'Jﬁa—4'...‘J4=%T‘.’%%:j’..,-%Jm;2‘121._4'...°]3,

wla




aBlAKH, cKopouyloun Ha Jy-Jg-... -Jon—s, HiCTaHEMO

I _l3..@—3@n—1) =
TEC =Y 37

Mizcrasasioun neft peaysabTar y paﬂlme onep)l(aﬂy d)opuy.ny
A8 BHpasy nepHMerpa e.nlnca, SHamxeuo- ,

1\2 1. 3\2 k¢ 1.3.5\2k8
c=21‘ra[l—‘(§) k? (2 4) 3 (246) 5—-...].

U,eﬁ pax 361rae1‘bca THM IUBHJIIE, UMM R MEHIIe, a gyepes Te.
a2_ 3

10 kz———az—, TO BiH 306iraeTbca THM WBHALLE, YHM MEHIIE PO3-

PisHAIOTHCA MIK co6010 oci eninca. 30xpeMa, KOJAH ejinc nepeTsBo-
PIOETBCST B KOJIO, MH MAaeMO a=b, k=0, 'BCl 4ieHH pany, KpiM
{1epLIOTrO, NePEeTBOPIOIOTLCA B Hym,,

‘ o =2=ra,
sk 1 TpeGa 6ya0 wekaTH Aad Koia paalyca a.

§ 41. Inwi npuksany o6uucrewna iuTerpanis 3 KOmOMOrow0
paais.

Meroj, siKHM MH B nonepefHnOMy naparpadl ofumcasiau enim-
“THYHHA [HTErpas; € 3arajbHHM €NOCO60M,. MO A03BOJAE o6uHCAATH
{HTErpany, siki ,He MOXHA B3ATH®, TOGTO im‘erpanu, o He BHpa-
2KAIOTbCA B eJeMeHTapHHX QyHKWiAx. Taki iHTerpajn A0BOZUTHCA
‘3yc'rpiqam nocuTh wacro. Ho umcaa ix BiZHOCATHCH, HanpHKIan,
TaK 3BaHUi raycciB iHTerpan _ :

f e*dx,

40 3aBXKAH 3ycTpivaeTbcd B Teopil imosipHocTefi i MaremaTH4-
Hill crarucTuj, in'rerpa.nbﬂﬂﬁ CHHYC

fsmx

dx
Inx

dHTerpanbHuil Jora pa(pu

1 iami Homxeu:o AK - 06uHcAuTH TaKl im'erpa.m 3 n.ormuorono
Teopii paais.

Bisbmeso ¢ynkuoiio e=%'. Md 3uaeuo, o &* poamamrm B pan,
Maxkaopena

e*:—,1+f~+§—l+~.’..+m
492 ‘



36ixauA aBCOMOTHO AAsf BCIX 3H3HEHD . Bamiiawin v Hit Gapuyal
X vepes — x%, 3Haligemo :

P T 'xﬁA» . X0 .
€ x‘~1—-1—+§—!‘_'3‘i+...+(—1) m—{".-. .

e pan taxox 36iraTuMeThCA aGCOMOTHO A/ BCIX 3HAYEHD X. .
SIKIMo MM XO4eMO OBUMCAHTH, HaNPHKJIAL,

a- :
f e~*dx,
o

B¢ @— AK€ 3aBrOAHO AOXAaTHE YHCJIO, HaM JOCHTH 3ayBaXUTH, uio
monepenHid PAx MU Ma€MO NPaBo IHTErpyBaTH MOY/JEHHO B TPAHHHAX -
Bix 0 10 a, 6o creninni pRAW JAONYCKAIOTb HOYIEHHE IHTErPYBAHHA
B yCAKOMY iHTepBaJi, MO AeXUTHL ycepexumi iHTepBaay 36ixKHOCTI
(§ 28). Tomy Mu maemo

a
Cferax=(f_ X L2 YL
fe dx= (,1 131315 )/“
0 . ; o . 0
a a8 a5 o '
=1-13te st -

. OTiKe, MOXeMO OGYMCAHTH 3 OyAbSKMM Halepen 3afaHuM CTe-
Inenem TounocTi Benmummy poarasaysanoro imrerpasa.

"Moai6ro 10 upOro MoxHAa OGUUCHMTH IHTErPa/ibHUN CHHYC. MH
KaEMO ;

Vo

‘ X X X X .
Siﬂx—v-i——é—i+-5—i—7—'+.. o

Le#t pax Tex sbiraethes fas scix snauenn x. [pumyckaioun,
bo x £0 i nozinnoeH BCi uaeHH ULArQ. PAKY Ha X, MH ‘3HaAAEMO
sinx X oxt xS,
EIREE T Tl d R

Ounepxanuft paa 3HOBY 36iraeThecs EISl BCIX 3HAUeHb X, Yy YOMY
¥OXKHA NEPEeKOHATHCh X0Ya 6 3 pomomoroso o3uaku Jlanambepa.
A uepe3 Te WO BCAKHM CTEMHHHA pAL Honyckae nowaeHHe inre-
fPyBaHHA BCcepemuni iHTepRasy 361XHOCTL, TO MH 3HAHLEMO

x

sin x B8 A '
.fT dx=x—grg 577 T
o < :

Le# puj, mo s6iraeTscs A7 BCIX SHAYeHh X, BOIROARE

. n
TOYHO OQGUYHCAATH f sin.x
1]

= dx upn GyAbAKONY X.
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3BepTaeMoCh, HapemTi, no imrerpana

dx
Inx"
Bygremo ﬁoro quuc.moBam, anouaan cnoqa'rxy saminy sMin- .
HOTO

_..el
ne mnae
f fe‘dt fl+ef—l t_/ et—ldt,
Inx— _
3Bimm .

AJse My 3HaeMmo, 110
=14 +2,+3,+ g

TOMY, BifniMaloun no-1 3 060X wacTHH piBHOCTii NoAiNAI0uH MOTIM
yci yjeHd #Horo Ha ¢, anaﬁueuo

1+2'+31+ +n‘+ cev @

e—l

!

" ek panx 3HOBY aGCOAIOTHO: s6iras1'bca At Beix 3HaueHd I, a
TOMY HOrO MOXHA. in'rerpyaaﬂt TIOuIeHHO B OyjbskoMmy igrepsaai,
i MH 3HalneMO

et — 1
f dt—1+212+313+'“+nm+
Orxe,

fln ‘H‘ +212+313+ +n!n+"”

a yepes Te MO x—-e‘ a6o t=-lnx 10

n!n

Lla qaopuy.na 6y11e cnpasemnaa npu ﬁynbaxouy AOJATHOMY X,
60 148 BCAKOTO TAakOro X MOXHA SHAATH f=Inx; Aag x=0
a6o x<<0 BOHa, 3p0syMifo, BTpaide CBOIO CYTh. :




-PO3AIN YETBEPTHA

PSIIU ®YP'E.
§ 42. MOHATTA NPO TPHrOHOMETPHUHHA pPSA.
Tpuzoubxempumuu pROOM TPHAHATO HAIHBATH DAL BHLAAARY

%‘-"+a,éosx+b1smx+a2cos2x+bgsin2x+...+

+aacosnx+bysinnx ...
260, KOpoOTIIe, B

o0
a2—°,-]- 2 a, cos nx -+ b, sin nx,
n=1 ' ‘
Ae g, Qn, bs (n=1, 2,,,)~—cranl 4HCA3, WO HA3WUBAOTHCA Koegi-
‘yienmamu pany. o . ~
Jo BuBYeHHA TPUrOHOMETPHYHHX DsAiB NpHBeJa NOCTaBJAeHA lne
Ha nouarky XVIII cr. caaBerHa npob6.ema TpO 3Bydamy CTPYHY.
s npobaema, Hax po3B'A3aHHAM #AKOI NpaIioBadd HaABHAATHILII
‘MATEMAaTHKH, (K, HanpukJaa, loanr Bepmyaai, E#sep, Hanam6ep,
Haniin Bepuyani, gpusena X0 HEOGXiAHOCTI NOCTAaBHTH TaKy 3a-
JAauy: gaHo ¢yukuio f(x). Ua MOxHA 3HAHTH TPULOHOMETPUUHHR
pan, Axui 36iraerbes | Mae cBoel cyMolo ¢yHkuilo f(x)?

“Ham yxe xOBOAMJOCH pO3B’SI3yBaTH aHAJOTiUHY ' 3a7auy UOpPH
-BHBYeHH] cTeniHHHX pAAiB: noTpi6Ho OyJno aad . 3aganHoi ¢yHkuii
f(x) sHafiTu cremimHuMA pax, wo 36iraerbes K0 Hel. Mu Gaunan
(§ 27), mo xonu mio 3amayy B3arajdi MOXHA DPO3B’A3aTH, TO TaKUM
panoM e paa Tehaopa. Ane MH 3HaeMO, WO He JAad BCAKOI HyHKUIT
MOXXHa ckaacti ' paj Tefinopa. Kpim Toro, dxmo # MOXAMBO Aast
3ananoi ¢yHknil ckaacth panx Teflnopa, paag Moxe po3GiraTuChb
a6o 36iratuch He A0 uiel Pynxuil L

. Jlpupoano ToMy |- AAs TPHrOHOMETPHYHHX PpAAIB POSUIEHHTH
fIOCTaBJa€He samuTaHAf, copMmymoBaBmu fioro Tak: 1) Jlaa sxux
$ysxuint f(x) moxna 3safiTH 36ixkHI X0 HUX TPUrOHOMETpPHIHI psLAH P
2) Sk swafiTh taki pagu? 3) Axmo My smaduru HeoGXimHi ymosw,
OpH fIKHX DAX MOxce 36iraTHCh N0 Zawoil dyukull, 49u nosuHer Bin
no Hei s6iratuce? . -
Po3p’si3anna nHX nuTaHb, a TAKOX HAA3BHYAfHO WHCJEHH] i pi3-
HOMaHITHI NPHKJIajaHHs TeOpil TPHTOHOMETPHYHHX PpAAiB NPUBEIH
A0 rAHOGOKHX | MHPOKHX AOCAiXkeHb y Wift ranysi. B Hamomy ko-
pOoTKOMY Kypci MH  3Mymesi OOMEXHTHCh JHile HakeaeMEHTapHi-
HIHMH BiJOMOCTAIMH, Ta # TO B AyXe BYSbKHX paMKax.' '
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§ 43 - BusHaueHns med)luiemls 3a dbopmMyaamu @yp’e.

meo MH XOY€MO, m06 ¢dynxuia f(x) Morjia 6yTd CyMOI0 TPHLO-
HOMETDHYHOrO pPHAY, MH HacaMnepeX NOBHHHI BHMaraTH, 106 BOHE
Oyaa nepioduunow 3 nepiodom 2w, TO6TO IPH BCAKOMY X

flx42) = f(x).

Cnpasnl, uepes Te mQ. sinax.i. cosnx e nepioguunumu Gynk:
uigMu 3 nepionou 21: (n_-l 2 3,...) TO B piBHOCTi

'f(ﬁc) _-—'_’%’—}— 2 an COS nx+ b,.’sin'n'x /

Toml

nicas saMinm X qepes ‘X« 2% ApaBa WACTHHA He 3uinu'rbcsx, OTXe,
He TOBHHHA 3MIHHTHCH 1 alBa.

ToMy B AanblIOMy MH 3aBXAH poar.nanamueuo JaHIIe (bym(uh
nepioauyni 3. mepionom 2n, 60. TiIBKH AA§ HHX MOCTaBJeHa nNpo-
61eMa PO TPHrOHOMETPHUHHH PAA AOMYCKAE PO3B'A3IHHA.

[Tpunycrumo Tenep, mo ¢yuKuisa f(X) € CyMO0 TPUFOHOMETPHY-
Horo psay. To9Hille rOBOPSUH, MH MPUNYCMUMO, W0 ICHYE mpu2o-
uomemputmuﬁ A0, 3biscruli yc:odu Ha (—=, + =) do gyHKyii f(x):

)= —+ Ea,,cosnx-i}-b,.sinnx —r<x<+n
= o

3anmyeuo, AK anaam xoedﬂuiemu IObOro PsnLy, 3HauH (yHK-
uiio f(x)? Il sagauy poss’asas Pyp’e. [lepex THM SK BHKIAAATH
iioro MeToJh, HaM NOTPI6HO GyAe OGUMCAHTH XHedki oanaqeui in-
‘Terpanu. ’

Posrageemo iHTerpaJm

+=n - 4 R . -H .
f COs mxcos nx dx, f cos mxsin nxdx; - f sin mx sin nx dx,
—_ ’ ’ —_— X — v

Ae m i n—uijai gdegaa. ’
JIlna obuncrenss Rux farerpaniB cKOPHCTYEMOCH BIAOMHMH 3 TPR-
ronoMeTpli popmynamMu . .

cosa-{ cosP==2cos + B cos

2 ’
08 & —C0§ B~ 2811 u-—t—@ sin a;ﬁ ,
sina-—sin §==2oos —His{ u;_p,.%

126



[Moxaapmu B HEUX

a4-B e—pB
3 =mx, 5~ =nx,
SBifKH ‘
| a=(m+n)x, B=(m—n)x,
SHafiaemo

o+ +x ) L
f cos mxsin nx dx = % f [sin (m - n) x — sin (m—r) x| dx:

dxmo m#n, To
+= i ’ += »
’ —; sm(m—}-n)xdx‘——-% fsin(m——n)xdx=i
o ‘

-_n

- )

) S
l—vcc)s(m-{—n)x/_l—cos(m—n)x/ 0
2 =Y

2 mfn- m—n
. _ :
60 cos(m—~-n)x mae npy X=-—n i x=—=--n oxHaKOB! 3HaueHHs "
ue came cmpasepause i aaf cos(m—n)x.
Taxkum unHoM, npu m # n
+= ‘
f cosmxsinnx dx =0,

Ane xocaimxysamuf laTerpan popismioe mynesi i npu m==n,
60 B NBOMY BHDaAKy, AKWO 7 # 0, KAt STkt

+= . ) +x: I
fco%nxsinnxd)c:—l- fsin2nxd;é=“_l cos2nx. [_ o
2 2 2n

—% : —x —x

. fAxmo rn=90, To m'rei'pan TaKOX nopisHoe HyJaesf, 60 niminre-
rpaabHa QYHKUIf TOTOXHO NOPIBHIOE HYy/eBi. ‘
Taxkum yunom, Aki 6 He OGyau uwiai m i n, nozatai a6o piBui.
Hynesi, BiAMiuHl OfHH Big OaBOro abo Hi, 3aBkKaH ’
4 -
fcos mxsinnxdx =0.’

-K

Mepefinemo a0 o6uHcaenHs ABOX IHMHX iHTErpasis. Maemo-
te ’ +x ' Lt

f COS MXLOS nX dx = % .fcbs (m+n)}cdx:};-ﬂ’% [ cos (m — n) xdx.
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Slxkmo m # n, T0

+x A‘ \ 1
-;— fcos()(;+n)xdx—%51"’£l"f'__l"nn)x/_

S : . .
1 P _lsinfm—n)x [ __
3 Icos(m—n)xdx_iw /..__o,

“Takum YHHOM,
4=
f'cosmxcosnxdx=0, AKII0 m.7':n..

—

¥ Bunajxy X, KOaH m-—n, MH MaeMo (n#£0)

+= +x
fcosznxdx—— f(l+cos2nx) dx=mn +;sin2inx /__ x,

A ko n=0, To cos?nx=1, i

+x
f ledx=2x.

Hapemri, .
+xw += +x
fsin mxsinnxdx = — -l—fcos (m-[—n)xdx-l— cos(m—n) xdx,

TOMY TIpH m # 1 SHAXOAEMO
+=

2 cos(m—l—n)xdx_; fi"’(rtm_*_'{;ln)x /__

-
+

1 lsin(m—-n)x
3 fcos(m-—n)xdx 2—-—'}2:"7—" /==0,
OTHKeE, -
+x :
fsinmxsinnxdx=0, . m#£n.

Slkmo m=n, T0 uaeuo (n#0)
PRIy B 2

fsin nxdx_— f(l—COSan)dx_n—_l.il.r_lng/

Koau x n=0, t0 ia'rerpa.u JopisHioe- ﬂynesl
228



IliacyMoByjOuUH BCE€ CKasaHe BHIE, 3HAXOLHMO:

+x +x

D \cosmxcosnxdx= fsinmx'siﬁiix,dx=0 m;én{m:O’ L32,...

R . A . n=0, 1,2,....
Y ) S o 1_ .

m= 3 3y Lpees
— m=n :

(Il) <08 mx sin nx dx =0 A {ﬂ:‘ﬂ,\ 1,2,....
z e

(Im fcos’nxdx—— fsinznxdx~—c n=1,2 3,....

3oxpema nepua 3 q)opmy.& (I) npu m =0 pae
+= | .
(V) | cosnxdx =10 n=1, 2 3,..,
ia dopmyaa (II) npu m=0 aae
+z

V) fomnsdr=0 | =012 ,....

idewo, 3a - BCIOAW HA (——-u, ¥ #)

0

(A) . fx)y= %9 + Z (y COS AX -{ﬁ&gvsjn nx.

n=1

%(!:;anoausmu i gpuy.ﬁa, NOBEPHEMOCH A0 METOLV <I>yp €.

Vfgylm 3a Pyp’e, npoiuTerpyemo ueﬁ ‘DAL NOUNEHHO B Memax
1, +t) My 3naemo, WO X0HKO He 3aBXKAH IHTErpyBaHH® PAAY
KOHHE. [HaKme Kaxyud, MH He MOXEMO NOPYYHTHChb 33 Te, MmO
rerpaa Bix Hamoi Qymknii f(X) 36irae¥sca 3 pesyabTaTOM CyTO

pMaJbHO IPOBE AcHOO i Ter py séi®d pixy. He cnunsiounch NOKHIO

OATaHHI NPO T, KOJH NOYJEHHE IHTErpyBaHHA TPUIOHOMETpPHY-

ro paAAy B3aKOHHe, BHBYHMO CNOYATKY Ti BHCHOBKH, A0 SKEX
PHBOAMTL UE {HTErpyBaHHA B THX BENANKaX, KOJAH MH MaeMO NPaBQ
0r0 BHKOHYBaTH. Maeuo TOllf'

ff(x)dx f”dx-}-z fa.,cosnxdx—}—fb,.slnnxdx.

A=) —~%
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Uepes Te mo
+=

Ay 4.
[-22 dx= a,r,

)

a Ha nincmsi dopuya (IV) i (V) maemo
fa,, cosnxdxe-—-a,, /cosnxdx=0

-yx n=1,23,.

fb,. sin nxdx--bn fsin nxdx = 0

TO B pe3ybTaTi iurerpyaanua saaﬁnemo

f f(x) dx = ao-n

3BiAKH

Tak camo xoan 6 Mu 1O iHTerpyBaHHS NMOMHOXHIH OGHABI  yac-
THHA pisHOCTL '(A) HA cosmx, a noriu npoiuverpyaa:m ﬁoro, MH
3Halimu 6

ff(x) cosm)caTx.--2 cosmxdx—l—Zaa fcosmxcosnxdx-]—

n=} -

-+ b5 fcos mx sin nx ax.

Ane na nigerasi dopmya (I), (ll)i (II1) Bci inTerpanu B npanm
wactuHi PiBHOCTI AOpiBHIOOTL HyJaeBl, KkpiM {HTerpana, ‘B - AKOMY,
m=n, a ueh OCTaHHm Ha niacrasl (III) nopismoe o, TOMy

. f f(x) cos mx dx = @,
ssin'kn
. Y . .
~1 ff(x) éos mx dx.

B wit pinnocﬂ m moxe ‘O6yTH 6y11bﬂKHM niJmM yucaon (m=1
2,3,.. _
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Slkmo o6masi yacTHHH piBHOCTI (A) NOMHOXHUMO He HA COSmX,

a Ha sinmx, aHaAOTiYHHMH MipKyBaHHAMH NpHAAEeMO A0 takoi dop-
MYJIH

A4

bm=%gf(x)sinmxdx m=1,2,3,....
Orxe, akmo pyHKIia f(x) MOke 6YTH CYMOIO TPHIFOHOM@TPUYHOTO

pAAy, 70 #0ro xoedinieHTH BU3HAYAOTLCA 38 ¢dopMmyramu Pyp’e:
+r '

,a,,=% g‘f(x)cosnxdx n=0,1,2...,
¥)
4 _ .
",;=—11:-§f(x)sinnxdx n=1, 2, 3,...

+n

(npu n=0 mu MaeMO cosnx =1, i Tomy dopmyna ao = %S.f(x) dx

—T

MOXe PO3rAAIATHChL SAK OKPEeMHA BHMagoK Qopmy.u
: , o
1
Qn=—— yf(x) cos nxdx) .
-—T

L seawwnuy (F) maiorn ma3sy xoediuienris dyp'e, a Tpurono-
METDHUHHA DR, y AKOMYy KOedilienTn ckaafteni 3a dgopmysamu
<yp’e, HasuBaeTsCA pRIOM Pyp'e paa paHoi QyHxuji f&;). .

- Taxum wiifom, Skiio" P9ikiin F(x) € cyma apeakoro TpuroHo-
METPHIHOrO paAAy, TO ued pax nosuwen Gyta ii paaom Pyp’e.

§ 44. Mpo yHKuii, ‘306pamyaanikpanamn dyp'e.

- INpu swsepenni Popmyn Oyp'e Mu AONYCTHIM MOKJHBICTD iH-
TErpyBaTH TPUrOHOMETPHUHAR DA, AKHH, 32 YMOBOW0, 36iraeTbca
A0 f(x). T

Tenep nocTaBHMO MHTAHHA Tak: AaHO GyHkuio f(x), nepiogHuHy
3 nepioaom 2. [Ipunmyckarumemo ii a60 HemepepBHOW Ha (— %, - x)
a60 Takolo, W0 Mae Ha IbOMY BiAPI3KY He Giibuie HiX CKiHueHHe
YHCJIO TOYOK  pO3PpuBYy nepimroro poxay*. Ilpm nux npunymeHHax
MH BMieMO oOuHcauTH inTerpas BiX @yHkuil f(x). Tomy, obuucauBuIn
—e, g ot

* TOuKy Xo Ha3UBaOT> TOYKOW PO3DPHBY NEPUIOro PORY. A GyHK Ul f(x), Ak-
mo npyn HaGamxeHH! TOYKA X A0 X, 31iBa f(x) npsaMye A0 nesHoi rpauHui (HAydd

3a Jlipixxe, 1m0 rpanuiuo no3nauawts f(xo—0)) i npn nabamxennt x Ao x, cnpasa
J(x) Takox mpsmye a0 neBHoi rpanHui (i no3uaqawts f(xp-0)), are npu nbomy

J (xg—0) £ f(xo+0) (aus. puc. 10). .~
, 31



%‘1+Zancosnx+bnsinnx,
_ n=1

Mu 6y1eMO TOBODHTH, IO 3HaHWAM poskaax ¢Qymkuii f(x) B pax
dyp’e. Ane, 3po3ymino, cyTo Gopmanbei onepaiii, Aki MM BHKOHAJH,
mo6 smafitu pag Pyp'e mas f(x), He JalOTh HAM MNPaBa CTBEPNXKY-
BaTH, IO MH ofepxanu pAx 3Gimauf, 1 THM Olapme 36hxHuA came
ao dynkuii f(x). llono uroro mu y
MaeMO NOBHY aHAJOT{l0 3 BHNAA-

KOM CTeniHHHX pAAiB: AKIMO AJd

&yukuil f(x) Moxua smaitd Bcl 1 ¢

noxigni B Akificsy Touui X==a, TO
MOXHA CkJAacTH ias uei pax Teit-

J0Pa, ajie He MOXM(Ha IIe CTBepAXY-
BaTH, IO DPAX 36iraetrbcs, a K-
mo i 36iraerbcs, TO came g0 f(x).

ToMmy Tpeba TBEpAO NaM’ATATH,
mo xoa¥ M# 3mafinau s f(x) i
pan ®yp’e abo, K KaxyTb, pos-
knanu i1 B pax Pyp’e, TO ue me

He O3Hauae, WO MM 3Haftmutu pag, 0 , Xo X
86LxkHuE gm0 f(x). AKmMO Tpuro-
HOMeTpHUuHHH pAx sbiraeTbcsa A0 Puc. 10.

fix) i axmo BiH gomyckae mo- S

ujeHHe iHTErpyBaHHsd, TO BiH € pagoMm Dyp’e, ane 3BiacH Hi B KOMY
pasi ue Bunaupae, mo pax Pyp’e nosunen 36iraTHCh, i MOXKHA MmO~
KasaTH HA NpHKJafax, MO HaBiTh HenepepsHi QyHKU{i MOXYTH MaTH
panu Pyp’e, posGixni B 6esniul Touok Ha (—w, -w).

- § 45. Npuxaazy poskaaxy ysKuiA y pax dypte.

Mu 3apa3 NOKaxeMO .Ha NPHKIANAX, AK 3HAXOAUTH Py Dyp'e
Jus sananol Qymkuil f{X), JHMIIalOYH MOKHMILO 30BCIM OCTOPOHL MH-
TagHA npo 360KHICTL LUX paAAiB. * ot |

. Tpuxaan 1. Xah f(x)—nepioguuna 3 nepiogom 2r, pipHa —1,
ga;—{w < x<0; piaa 41 na 0 < x<--=; pisaa 0 B Toukax —r,
, -+ (puc. 11). . ' e

Y
R mamerene P A ——

=3 Rid - o ” 2 3n X
-t-1

Puc. 11.
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1ls bynxuis Mae B Toukax —=, O i --= pospuss mepworo pony.
ma toro mo6 Hanucartd Ii poskaamy pax dyp’e, o6uncauMo xoé-
kuenm an 1 ba 32 tbopmynamn dyp’e. MaeMo ana n#£0

— S f(X)cos nxdx=— 5 (—1)cosnxdx+ —-S(—}- 1)cosnxdx==

l—sinnx/ _l_sinn,_t/ n=1, 2, 3,;..;

0
1 1 1 v
—n 0 . ’

Haai,

+n
.._-:? S‘f(x) sin nx dx=— 5 (—Vsinnxdx -+ —-S‘ 1 sin nx dx=a

+x

1cosnx/+ 1 ——cosnx/ 1 1—-—cosm: 1 cosnm—1_

|

T — e e s Gt

143 n g n

=-—(1——cosmr) ‘ ‘n=1,2,3,....

‘-lepea Te WO IOPH # mapHoMy cosam==1, a npn n Heﬂapaouy
.m:-———l "TO aamcn BHIIINBAE : )

by =0 1pu . napHoMy,
' 4
bp= — — 1pu n uenapnouy

‘TOMyj pan dyp’e ans Hamoi dynxnii Mae BHIJR

(sinx +§in33x +sin55x +.. +§i_’.‘.§%?__;__ti.l_)i‘ +\,...)..

slpukaan 2, Xai’g f(x)-—nepionuqna 3 nepioxoM 2w, plBHa-—-'X;
—nLx<KL0 i pieHa +x Ha O<Cx <= (puc. 12).

s zpyuxuix HenepepsHa Ha ch HeckiHueRHi npamift,
3uaiaemo 1 xoedinientn Pyp’e.

Maewmo

E 0 4
", = —11? S‘ f(x)cos nxdx== —11? f(—- X) cos nx ax- —i—ﬁS(—{— x) cosnxdx;
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AKIIO MH B NIEPIIOMY {HTerpasi saMiHEMO —x Ha f, a moTiM nepe-
craBuMO rpamani IHTerpauii, To JJ.iCTaHEMO

0 . A +n .
é ((—-—x}cos nxdx = —-—Stcos ntdt——— gtcos ntdt,
Cx -0

OTXe, npyrlm 1HTerpaJx ﬁopiamoe nepuoMy, a TOMY
+ '
, 2 : .
- @n=— XCO0s nxdx.
A .

4

-3 ~2n. " -m 0 m T 2n 3w X

Pic. 12

IaTerpyloun 4acTuHaMH, 3HaHAeMO AAd n.7£-0
+= +x

2 xsinnx 2 cosnx
an=— -—-—gsinnxdx—-—————— =——-(cosmt—l)
: E SR
Slkmo n napu‘e, TO cOSnw =1, a TOMY an== 0, AKBI0 1 HenapHe,
T0 cosnm=—1 i a"~*='?_7i?1?'

Jdasa n=0 MaGMO
, +%
2 2x2/
aow Haa ek 7 ke
0
Hapem:ri KA by algﬁp.emp _
bp= — (f(&l mmxﬁ&w~—5(——«nls!nnxdx+ —-—S(—b—x) sinnxdx.

ane, 3aMiHSIOUH B nepmouy imerp;mi —X Ha, t i nepe,g:l;aM%lp‘m
rpaHuLi m'rerpauii 3HalgeMo :

(-]

—S(—x)slnnxcM ;1:-5 sinnt'=,-\-i— tsinnt dt,

ol.f-—-§+



TOMY Hepmul im'erpa.n JmpiBmoe aApyromy 3a a6cdmomoxo Be.m-
YHHOIO, aJe Mae o0epHeHMH 3HAaK, 3BiIKH

‘ ”= 0 ’ ~ Il == ]. 2, Jysee ®
Takuu gunom, pag dyp’s
- "
% | by i
5+ ) @ac0snx—-b,sinnx,
n=I1 | :
Am'pdsr.nﬂ,uysaﬂoi dyuxnii MaTume BHIASL

x4 fcosx | cos3x os(2n4+1)x

™

. § 46. 36imnicln>' psulia dyp’e B npocTilpx BHNAagKax.

MH NOKasaiH, SKHM YHHOM IJis JAaHOT dyuxuil ckaacru i -psa
dyp’e. Mu noBHHHI Tenep BHBYUHTH NHTAaHHA NPO Te, B AKUX BH-
nmagkax ueit pan s6iraeTbca i Mae CBOE€IO CyMOIO JaHy (pym(mlo Mnu
OOMEXHMOCh NPH AOBENEHHI TINLKH JyXke NPOCTHM BHIAAKOM, a
caMe, MH TNPBIYCTHMO, IO -

f(x) neploxuyAa 3 mepionoM 2w, Heuepepsna i f(—m) f(-}-n),
f(x) i f'(x) senepepsri na (——1: +=).
, B IbOMY BMNAJAKY, OGUHC/ISIOYH Koe(pmlenm pany ®yp’e, Mr
MaeMmo (im‘erpyloqu 49aCTHHaMH aBiul): ‘
+

—"'j‘f(x)cos nxdx— f( )smnx /——- f’(x)sinnxdx::

~——f’( ) Cosnx/—--—yf'(x)cosnxdx

Ialepess Te mo fi(x) i f(x) Henepepauii OTXe, odmemem Ha BiN-
piaxy (==, +m), T0 MoxHa 3maitTH Taxe crasé wucao A, mod’

IfRI<A i [fiR)|<A —=x. <x< 4w

§hé 1epes’ TE 10 cOS nx 3a a6COMOTHOK BENHYHHOI HE 65.711,-

1O 3AAXOAHMO
4

1anl < (P @I 1)) b { ax < *£E+T<"4A

—-—K

Homéﬂo J: () lJ.bOFB MAEMO

b,.'=—§f(x)sinnxdx=-—f() wsnx/'i‘ Sf’(").c‘,’s.”."ff’_.’"-z
"



Yepes Te mo sa yMosoio f{-+ ::) == f(—=), 10 npoimerposanna
L (S nopiamoe Hy.rleBi TOMY
+%

by = —§f'(x) Cos nx dx = v-f( ) —— sinnx jf’(x) sin nxdx

. -n .
I'Ipoimerpoaamm 9Jien JOpiBHIOE Hyneni 60 sin nx =0. [lomiva-
1044 3HOBY, WO |f(X)|< A, 3HaxoaumMO ,

2A

1on] <25

3 oxepkaHHX nepinuoméh POGHMO BHCHOBOK, IO /

|@a cos nx--b, sinnx|<§é,

60 | cosnx| < 11 |sinnxl<l npy BCAKOMY M.
Ane mu spaemo (posg. I, § 11), mo pan

‘c0

1
n?
n=1 '

a6iraerncs, oTike, sbiraetsca i psax

Sueads

Touy ‘B apoﬁxem npunymemmx BillI-IOCHO f(x) pan dyp’e
%—I—Z @n COS nX -} by sin nx
. n==l - .

e maxoposanum psiaoM (§ 19) Ha (—=, =), 1, oTxe, BiH 36«
raeTbcg a6COMIOTHO B KOXHiN TOyli nboro Bigpi3ka i Mae cBoew Cy--
MOIO HeNnepepsHy (pynxuixo Ha (—=x, J-7).

[Tpore, Mu He MaeMO npaBa 6e3 jHaJbUIMX noc.nimxem, 3pOGHTH
BHCHOBOK, II0 Ufi HemepepsHa Q)ym(uia NOBHHHA HEOAMIiHHO 36ira-.
THCh i3 Q)ymcniexo fix), ana sxol pax Pyp’e 6ys nodynosaﬂuﬁ.
Mu x  noBesH TiABKH, IO PAX 36iraeThCad X0 nemcoi HenepepBHm Ha
(—m=, 4x) (pymcnii Maemo, otxe,

2= +Z“"°°snx+bnsmw~ |
’ 'n=\ '

ze o(x) nbahaqégbyuy pany. Sl mosectn, mo ¢(x) =f(x)?
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Jlaa uporo HacaMnepej 3ayBaXKMMO, IO 3 MaKOPOBAaHOCTI poa-
rasAyBaHOro paay BHmiauBae (§ 20) sakoHHiCTL HOrO MOYACHHOrO
interpysagns. [lpuragaemo Tenmep, mo B § 43 Mu noBesH Take
TBEPAXEHHA . K0 TPHrOHOMETPHUHMN pAjx 36iraeTscsa A0 AEAKOL
¢yHruil i aronyckae noujernHe iHTErpyBaHHs, TO HOro koediuieHTs
BH3HAYAlOTHCA wepes zany Qynkniio 3a dopmyaamu Pyp'e.

'Lle no3BOAsie HaM CTBEPANKYBATH, W10

—%

+m
a,,=-;:—5rp(x)ct)s,nxdx n=0,1, 2,...,
e
b,,=%—(<p(x)$innxdx n=1,223,....

" Aneuyepes Te INO Ti X BENHYHHH @y i by BH3HATAIOTBCA POPMYaaMu

+r
Gu= 1 S‘f(x)cosnxdx n=0,1,2,...,
‘ o §
b,,=—1lt-jf(x)sinnxdx =1, 23,...,

TO NHTAHHA APO Te, UM MOBHHHA ¢(x) 36iraTuca 3 f(X), MOxe 6yTH
3aMiHEHe NHTAaHHAM: Y4 MOXYTbh iCHyBaTH ABi pi3ni QyHKuil, y akux
pann Lyp’e TOTOXKHI, TOGTO MAITh NPU OAHAKOBHX UJIEHAX OJHa-
KoBi xoedinienTn? ;

TMospauaroun pisHumio Mix f(x) 1 ¢(x) vepes D(x)

D(x) = ) — (),

mu Gauumo, mo D(x) e HenepepsHa ¢yHkmia. Hepaxxo nepekona-
THCb, IO Bci il koediuientn Pyp’e mopieroOTH Hyaesi. Cupasai,

+= +r A B ]
; '}E S‘D(x)-cos nx dx =—«:]T ( f/(x) cosnx dx——i— 5‘ @(x) cos nx dx =

=a,—an=0

LY

*=0, 1, 2, ) i aHAAOTIYHO NOBOXHTHCH, WO
S ek | - | |
: %‘YD(-x)Sln nxdx:o ' _(n.—:-.]',‘ 2’ 3;....)_
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Mn noGauumo pani (§ 49), mo xoau axace ¢yHknis mae Bel xoe-
¢inientn dyp’e piBHHMH HyJeBi, TO BOHAa NOBHHHA TOTOXHO AOPiB-
HoBatu Hyaesl. Otxe, f(x)—¢(x) =0, T06TO

o(x) = f(%).

TakuM 4YHHOM MH NepeKoHaauch, Mo naa Gyrxuaii f(x) psa
dyp’e 36iraeThCst aGCONIOTHO HA (-—m, —-7) 1 Mae CBOEIO €yMOI0 LIO
dysxuio f(x), axmo f(x) nepioguuna 3 nepiogom 2=, HemepepBHa Ha
(—=, + =) pasoM i3 cBOiMH ABOMa NepHIHMH HNOXiAHHME i Taka,

mo f(—)=f{-+).

§ 47. Teopema [ipixae.

VmoBu, npH AKuX y nonepeinroMy naparpadi Gysra noseneHa
36ixmHicTs paARy @yp’e, € Hax3BHualHO OOMeXyBaabuuMH. Tpeba
3ayBaXKuTH, INQ KOJAH HaBiTh cama Qyuxuisa f(x) ¢ ii asi nepmi mno-
XigHi HenepepBHi HAa (—m, --x), ane f(—=) £ f(+ =), 70 pan Pyp'e

' BXKe He Oyje MaxXODPOBAHHM PSIOM.

Y

S

-

P 0 B 2R 35 r'd

© Fuc, 13.

Cnpasni, axmo f(x) nepioguuna 3 nepioaoM 2z, TO HePiBHICTH
Jf(—=) # f(-+=) nokasye, mo B Toukax — % i = PyHKUiA MAE PO3-
puB (aus. puc. 13), a e HeMOXJAHBO Y BHNAAKY, fKILO BOHA €
CYMOI0 MaXOpOBaHOro pany Henepepsuux ¢ymnxuiit. [Ipore, 36ik-
HicTL psiny Pyp’e BAaeTbCAd JAOBECTH B KyJAM IIWPIMMX YMOBax,
npasia, {HIIHMH MeTOZaMH. Mu TyT HaBeAeMO 0€3 JOBENEHHs Teo-
pemy JlipixJe, mo X03BOJAE€ PO3B’A3aTH NUTaHHA HPO 3BikKHICTL Yy
HAA3BHYA{HO 3arajJbHUX NPHIYINEHHAX. . S :

Teopema Hdipixae. Skuo f(x) o6mexena va (—=, -}-z), mae B
nboMy iHTepBaai He Giabuwie Hik CKiHUEHHE YHCAO TOUOK pO3-
PHBY nepiuore poay i He Ginbiye Hi CKiHMEHHE YMCHO MaKCH-
MymiB i miniMymis, To i paa ®yp’e 36iraerhcs B KoxHilt TOUWi,

138



QIpH- YOMy B TOYKAX 7neuepepnuoc‘1‘i cyMa pany nopisaioe J(x), a
B TOMKaX po3pMBYy BOHa LOpiBHIOE _ '

J(x—0)+fix+ 0
N 2

P

TO6TO CcepelHbOMY apH(METHIHOMY IPaHHYHHUX 3HAYEHD J(x) sniBae -
1 cnpaga. . e

B o6ox npuxnanax, POSIIAHYTHX Hamu B § 45, dyuxuia f(x) sa-
A10BOMbHAE yMOBaMm Teopemu Ilipixae, a TOMY 3Ha#jeHi HaMH pammE:
Dyp’e A upx Qymkuif sGiralotecs. llikaBo YSBHTH 06l HaouHo,,
K i3 36lIbIIeHHSAM YHCAa NOMAHKIB YaCTHHHA CyMa psny Bce Ganxue
i 6amxue migxoauts no dynxnii Sf(x). Posrasmemo e Ha nepmoMyy
npHKJALi. ‘ . ‘ '

Y |

B

xY

Puc. 14.

Ha pﬂéyﬂky‘;l4' irpénc’.rasneni, COO0YaTKy HepIMHA YJAEH  HAILOro»
pany . ‘ ' ’

‘ ToE ?lié;l*-l— 3f + .5 +'“)), v

»'npm nepugl;, i .np,yramﬁwg ‘nynxiﬂgouy,a, ix cyma — CynlisHOor
J1Higl0, HapewiTi, cyma ABOX . nepmux. uaeHis i Tperift usen TIPHK
THPOM,: 2. CyMa . BCIX  TPhOX — CYIUAbHOO Jigielo. Mu Gaunmo, mxc




@ab/mKy01a ‘HeriepepsHa KpuBa BCe 6amxue i 6amxye niAXOAUTH
L0 OCHOBHOI pPO3puBHOI KpHBOI, WO AOpiBHIOE— 1 HAa —x <x <O
d4 1 O<x<-+tm -

§ 48. Cepenne Knanpa'mqlie BiAXHJCHHS TPHIOHOMETPHYHOIO
‘MHOrowieHa pla sapasol ¢yHkuii.

flkmo ¢yskuis  fix) HapiThb He Mae pO3pHBiB,. ale y Hel Ha
f{—m=, ) e Gesmin MakcHMyMiB. | MiHiMyMmiB, TO Teopema Hipixae
*BXK€ Henpuk/aajajipHa. | cnpaBai, moxHa noGyaysaTtH HenepepsHi
«pyHKI, y AKHX pAX dyp’e Mae TOukH pPO30iKHOCTI B YyCAKOMY
durepsadi 8, akuA OM maqu@l He OyR ueht inrepsani xe 6 BiH He Mi-
~CTHBCS Ha (—1: +=).

Yy Tpeba 3pincu. 3p06um BHCHOBOK, IO B IlbOMy BHNAJKY 4a-
~CTHHHI cymu pagy Pyp’e Bxe He MOXKYTh CIAYXKHTH AJd HaGJaHke-
#0r0 300paxeHns Hamoi Qynxnii? Ma' sapas mokaxemo, WO KOAH
~CJIOBO ,HAOAMKEHHA® DO3YMITH B 'rpoxu IHIOMY pQ3yMinmi, HIX ne
go3yminoch poci, To pax Pyp'e € npexpacHUM IHCprMeHTOM A
#ab/uKeHOro 306paxenns QyHKil. _

lo6 3’sacyBatu c06i, sxuMm 6yje B AATbLUIOMY HAll MOTJIAMN HA
ma6.nmxeﬂﬂa OIHHX tbymaim. no inmux @QyHKNiH, 3BepHEMOCHL A0
igomoro 3 Teopii iMOBipHOCTEH NOHATTS NPO ,CepPeiHio KBajpa-
- ~THYHY HOMHJIKy Xafi MM BHMIpEEMO SKYCb BEJHYHHY ¥ 6ara'r0
#pasiB i npu ii BHMipioBaHH] 3naﬁmau 3Ha4YEHHHA

JI1,yz,-1--,,ng,1
AIOMHJIKA TIDH K+ OMy BHMIpL € - : :
B 'y—yk, : - k=1,2,..., N.
Yepes Te o nonmmm MOXYTb 6YTH fIK nonamumu, TaK i Big’eM-
WHMH, TO HafiSpyuHimle pOSIMsiaTH KBaJpaT NOMHJKH K BEAHUHHY
3aBXAM JOAATHY i Maany, skilo caMa DOMHJIKA Mana. SIKmo mo-

“JNaCTH
Y E :Lv%yk)*
N — YR

‘T06TO B3ATH & pPiBHHUM KopeneBi KBaADAaTHOMY '3 cepenﬂboro apud-
‘METHYHOIO KBaApaTiB IOMHJIOK, TO & Ha3HBAETBCH CEPEOHBON, K8AO-
apamuynoio nomuaxoso. Ilpn 06pobui pesy.nb'rarin CHOCTepe}KEHb /110
fIOMHJKY HAMaralTbCsA 3pOGHTH HARMEHLIOH. =
HpunyctaMo Temep, 0 MH He BHMIDIOEMO AKYCh CTaly BeMH-
YHHY Y, & pPOSTJIAfaeMO AKYCb KpHBY -y =f(x) i xouemo OuiHHTH
HIOMHJIKY, IKY MH POOHMO, 3aMiHAIOUH IO KPHBY AKOIOCH 1HIIIO0 KPHBOIO
y=q(x 3, Moxna posraanatu pisruyio | f(x)— @(x)| MK Bixxurenns
«e.n.me1 KDHBO] Bix immoi. Koau MH -rOBOpHIH B Teopll psxis, wo
Sa(X), T06TO CyMa n mEpHX uAeHiB paly, € AaGAMKEHHAM AO CYMH
S(x) psny, Mu Manm Ha yBasi came TOR (KT, WO AAA’ BCAROTG X
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‘pisHALA | S(X) — S4(x) |, TOGTO BixHAEHHS S,(X) Bif S(x), npAMYyE AO
‘Hyad i3 3pocrannam n. IIpore, 6yBaioTh BHIAAKH, KOJM KVIH HpH-
.pojHille PO3rAAKaTH 3aMiCTh LLOrO MPOCTOrO BiAXHIEHHH CEpeAHE
kKBanpatHyse BixxuseHHs. [ToscHuMO mio ayMKy pucyHkoMm (pHc. 15).
Xait XupHa Jinin 306paxye 3ajiany KpPHBY Y= f(X), NyBKTHDHi Ji-
Hil 306paxyioTs Kpusi, aki Ha6AHKAIOThCA IO Hei. 3pO3yMito, 1O
NYHKTHPHA JiHiA / Hi B kit TOYli He BiAXHAAETbCA BiA KPHBOL
Y=f(x) Ha Taxi Besuxi Bigmani, Ha skl B JesAKHX TOYKax BiJXH-
- JETBCA Bix Hei Jsimia 2; ane Kkoau He TypOyBaTHCh NPO Te, IO
B JedKHX (BySbKuX) HpOMikkax Jimia 2 CHAbHO BIAXHASETBCHA BiX
y=f(x), a posrnsmytH, six BoHa ce6e TOBOZMTL HAa BCHOMY BiX-
PI3Ky, TO AOBOJHTHLCHA BHM3HATH, INO BOHZ KyId 6JHXKUe XapaKTepH-
3%’6i @}Imcuilo J(x), T06TO € ;s Hei KpamuM HaGAMKEHHSIM, Hixk
Xinia 1,

-Puc, 15‘.'

Came 17 1ymKa i NOKA3[€HA B OCHOBY METOAY ,HabJHKEHHS B Ce- .
pennvomy®. IlpunycTumo, Mo MU poarasaaemo xsi Kpusi: y = f(x)
i y=¢(x) (puc. 16) Ha sKomycb Bixpisky (@, b). [oginumo (a, b)
Ha 7 piBHHX 4YacTHH. [To3HAUHBIIH TOYKH NOTIIY Xy, XoyeooyXiyeuas
Xn—1, NPHAMAEMO Xq=a i X,==05. SIkmO Mu posraszaemo pisHHIO
[ x,g—qz(xi) AK NOMHJAKY, SIKY MH POGHMO, 3aMiHAIOYH BeAHYHHY

Xi) yepe3 @(xi), TO, ROKIAAAIOUH - , '
. n—1

#m 1Y ) — ),

MH MOTaH G HasBaTH 3 CepeAHbOI0 KBAaAPATHYHON NOMHKOI NPH
~samini f(x) uepes ¢(x). [Ipore, minkoM 3po3ymino, mMo uA NOMHAKA
3anexuTh He TiAbkM BiA ¢ymknik f(x) i ¢(x), are # Bix TOTO,
B AKHX TOYKaX X; MH PO3CAANANH pisHMmO ix opaunaT. Lljakom ouge-
"BHAHO, IO YHM Gifbiie MM OpaTHMEMO TOWOK npu noxli (a, b) ma

14%



YaCTHHH, THM KpAalle MM SMOXEMO CXapaKTepH3yBATH ,CepenHe®
pinxunerns ¢(x) Bix f(x). ¥YMOBHMOCH Ha3UBATH cepeorim Keudpa-
munnum sioxusennas Gyuxmi ¢(x) Bim pyunxmil f(x) Ty rpammmo,
B0 AIKO IPsiMye BHPAs 8, KO UHCAO TOYOK noainy (a; b) Heabmexeno
3pocrae. Hesaxxo smipkyBaTH, ax 3HadATH Mio rpamumio. Uepes Te
mO MH NOAiMaM BiApisox (@, b) HA 1 piBHEX uyacTHH, TO KOXHa

b—a,
3 Bignanei x;— X;—) NOBHHAA KOPIBHIOBATH P ; TOMY, nox.na,ualoqu

Ax; = xXi— X;_1, ME Maemo-

1 . A’x; o '
’ 7 =—a i=1, 2,....,n
i, oTxe,
el T
2 == hm b_: Z [f(x,') — (p(x, ]2 Ax,,

Y
SRy
y=fx

R

R A ———

> --_.---a--‘--------_-‘...'-‘
B2 AU R

%, b X
° Puc 16.

Ane cyma, Wwo cmlrs.y wpanii qauum’m cs’bélo rpaﬂnuexo
O3HayeHH i mwerpaa BifL [f(x)— (p(x)]* Ha Bin'pisky (a; b), Tomy
14
v ey | ) ot
a

Lz Benuuuna 8 i e cepexnne xaazr 'rmme Bi,llXHJleHHﬂ cbynxuii
9(x) Bix dynkuil f(x), Likikom 3posysino, mo 'KOAH ,

A —st <

TO
o ‘;-:?"Cg.‘,‘; R
¥ < gy ax =él,
A T
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Q‘?}*ee"-
- lal <s

3BiAKH BHIJIHBAE, W0 KOMH BiAXHJEHHS B SBanﬁHOMy posyuim!i

cI0Ba Maje, TO Majle # cepejHe KBajJpaTHUHe BiIXHACHHA. Axe

o6epHEHE Bxe He 6y,zr.e ﬂpaBHJleHM Cnpasai, (puc. 17) xa#i, na-

fIpUKAAL, f(x)_—_O, a q:(x)=l——e— HA 0<x<s, (x):O Ha

e<x L.

~ 3posymino, mo ¢(x) He MOxXe GyTH Ha3BaHa HaGJHIKYIOUOID
_KpHBOIO Jasa f(x) y sBuuafiHOMY pO3yMiHHI ILOTO c.zxoaa, 60, Ha-
NpPHK/JAN, IPH x=0 MaeMo

|f0)—(0)|=|0—1]=1.

Ane ¢(x) mpu Manux e jpae mo6pe HAG/UDKEHHS B cepeﬂ.ﬂbouy
J0 f(x) 6o .

5 [f(x) o ()2 d;;-—j(x——-) dx=—3 (1___) / _ e

Hepeﬁnemo T'enep BlA 3araabHUX posrmuua, IO CTOCYIOThCA
CepeJHboro KBaJAPaTHYHOrO BiAXHJEHHSH, 0 CHELiaJbHOrO IHTaHHA,
: .3 caMe J0 BIAXHJAEHHA TaK 3BaHUX TpurouomeTpnqanx
»  MHOFrOwaents .Bix 3ajganoi QyHxuii. .
TpUrOHOMETPHUHHUM MHOTOWICHOM 7 -I'0 nop;uucy Ha-
3HBaETbCA BHPA3 Bm‘.muly

E a5 cOS kx - B sin x,
2=0
ne ag i Bp—cTani uucaa (k=0, 1, 2,..., n).

3afimemocs PO3B’AIAHHIM TAKOi npodnenm cepen ycix
TPHTOHOMETPHYHUX MHOTOYJIEHIB NO-
PAAKY n 3HaRTH TOH, MO Hae ,Haii-
Kpale HalARKEeHEs. B CepenHbOMY*
a0 aanoi yskuii f(x), Tobro TOH,
. : A AKOFO  CepefHe - KBaJpaTHuHe
Pnc. 17. * piaxuneHHs Bix f(x) 6yae Haﬂueﬂ-
‘ HIHM.
fbymmho f(x), SK SaBXAH, NPHNYCKATHMEMO NEepiOAMYHOI 3 Te-
plosom. 2x; GyAeMO PpOSrAARATH TOR BHUAAOK, koau f(x) a6o me-
n&pepaaaabo Mae ‘Tingku ciklgyense WHGIO TONOK POSDHBY. Dep-
WOrQ. - poRYy (4e NPENERER POSETHCA IS TOTO, WOG MH MOTAH
Wwp YEKHilp HTErpyBaTH, A POSUIPAOWE UOHATIR iNrerpana)®.
Ml nopuigl posSB'ESATH HNTABNA NPO T, AKX TPela AMOpaTH Koe-
Oimlentn a, Be(k=0, 1, 2,..., m)rpuronouempmm MHOrOYJiena

X

} * Poarqangsaunﬁ y BCROMY qmny kypcl lm'erpan e inrterpar Komi; sxmo
KOPHETYBATHCH MOPATTAM. imgerpaxa Jlebera, il TeOpisi TPHTOHOMETPHYHHMI pAAS
€Ta€ 3HaYHO wtmom, 1 Teopemn 4na6ysamb Giapwoi aaraapHoOCT.
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Xas  TOro, mos6 ROro cepemse KBajapaTHYHE Bmxmlemm Bla f(x)’
6le0 HafiMeHIuM, TO6TO Aast TOTO, m06 BHpa3

82 = T [f(x) —Z a; COS kX + B sin kx] dx

MaB Haﬁmeume 3 MO)KJIHBHX CBOix auaqem:. .
Ilas  pose’sizaHHs uboro NHTaHHAA o6qncmm0 BEJHIHHY 82.
Maemo:
A

el gf (x)dx ———J- [f(x)Z o COS kX —|— Bk sin kx] dx+

+'n: n

+2“5[Zakcoskx+?ksinkx] dx=—5.f’(x)dx— A

[Z oy — Sf(x) cos kx dx—}—Bk;—Vs‘f(x) sin kx dx] +

Zi 2 So@ cosz’kxdx-l-zI S@z sinzkxdx-{-

R=0 —rx
+2Z—Z j ¢x% COS kx cos jx dx - 2;2 J\kajCOSkXSin jxdx+
bt =0 —=
kAT
+ 2 2 Z s 31:?/ sin & sin jx dx]
: k=0 ]==0 —x

Ane, nosuauanoum qepes Qn i ba (n-..O 1, 2,..) koedinjent
¢yp € A f(x) MH 6a4HMO, IO _

2 g f(x) cos kx dx == ak, — j‘ f(x) sin kx dx = b,,.

A}

. Kpinm Toro, na nixctasi. Q)opuy.n ), (II) idm s 43 MK Gaqnuo mo
11:1 OCTaHHI CyMH B KBaJAPaTHHX XYXKaX-JODIBHIOIOTh HyJjesi, 60
AopisEwE Hy/eBl KOXHHA 3- jHTerpaais, MO BXOAATb y HHX, a B
ABOX DEPIIHX cyMaX IRTErpasH nmic/s BHHECeHHs 3a nyzxxy CTaJHX
MBOXHHKIB 710D IBHIOIOTh ®- (115 & # 0), TOMY

g~ ff (x) dx — ot — Z (= ut) 4+ §Z(a’+ﬁ.)
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. Hoxnawoun i BigniMaoun 3 npasoil YacTHHH PiBHOCTI OAHY B Ty X

wapkicTh | :

k=1

B g Y@+,

sHafiiemo

&

Be=s +fﬂ(x) i = (—‘;—"— ) + + Z (34— @x)? + (B — ba)7] —

-1 k=1

LR T \ PP
472 Ly T,
. rR=1"

‘ ’ “\2
3ayBauMO Tenep, mo B npasif yacTHHi piBHQCTI AYXKKH (%’— ao) -

(ar—ar)? i (Bx— br)? € .BenmuuuH, Ak MOXYTH OYTH TINbKH NOAATHE
a60 xopiBHIOBATH HYJEBi, a BCi iHIi 4aeHH He 3a/eXaTb BiJg BHOOPY"
YHCeNI Gy, ok, Br. 3BiACH BHNAHBaE, mO, AAA TOTO, WOG 82 mano uafi-
MeHIe i3 CBOIX MOMJIHBHX 3HaueHb, HEOOXiAHO 1 NOCHTh, mMO6G
KOXHA i3 3rallaHux BHIIE AYXKOK NepeTBOPIOBaNach y HYJb, TOGTO-

a,
%=,
op == Ap, . '
e‘pkzbk B =1, 2,..., n..

.~ 3BipcH BHIJHBAE . CHPABEJIHBICTb TakKOi TeopeMu: cepel YCix
TPHTrOHOMETPIWIHUX : MHOTOYACHIB NOPIAKY 7 HafimeHlle - cepenHe-
KBagpaTHude  Biaxuaenus sia ynkuii. f(x) mae 10 MHOrOuUNEH,.
KoediuienTu aKoro e xoedicienramu poskaany f(x) y psa Pyp’e.
Otxe, cyma n nepmux wienis pagy Pyp’e aaa f(x) xou i He
‘TIOBHHHA NpAMyBaTH A0 f(x) (6o pax Pyp’e, sk MH 3HAEMO, He 3aB-
an s6iraeTbcs), ase BCe Taku Habauxae B cepelHbOMy (yHKLiO-

Sf(x) xpame, HiX ycakuft IHWHUA TPHUrOHOMETDHYHHH MHOTOUJEH.
3 TaKOl0 X Ki/IbKICTIO 4JeRniB, ‘ < ‘ .

- '§.49. Pienictn NlapceBans. Teopema exnHOCTI.

Mu 6aunnu B yomepeaHnomy naparpadi, mo TPHMOHOMETPHYHHIR:
'MHOTOUJIEH 1 -TO NOpAAKY Habauxkae B cepeguboMy f(X) mafixpame,
akmo, #oro xoedinientamu e xoedinientu dyp'e ana f(x). Are mo-
CcTa€ NMOCYTHE HHTAHHA: YH'MOXHA B3araji FOBOPHTH NpO Te, ILIO-
MH M@EMO COpasy: 8 ,HabamkeHHsaM* f(x)? Moxe 6yTH BeIHYHHA.
cepeHbOl KBaIDATHEHOT MOMHAJKH AyKe BeJAHKA HaBiTh.1 TOAI, KON
MH 6epeMO YHCJO YIeHIB TPHrOHOMETPHYHOrO MHOrouJAeHa AyMxKe-
BEJAHKHM? . -

10 2960, Teopla pauin ) M5



Bianosian Ha e 3arm:ranﬂx Monma XaTH B 'raldﬁ dopmi:

[lpu 3amini f(x) TPUrOHOMETPHYHHM MHOTOYIEHOM 8- FO MO~
WALKY 3 KoedinjeHTams, Wo nopiBHIONTL Koedinientam Pyp’e
@i f(x), cepelHs xBaapaTHYHA nomuu(a npsaMye A0 HyJd NPH
‘HeoOMexeHOMY 3poecTamui .

Mu He XaBaTHMEMO TYT AOBeAEHHS UBOrO HIKaBOr0 TBEDAXKEHHS
4 06MEeXHMOCH JHIEe JeAKHMH 3aralbHHMH BKasisxamu, Hacamnepes,
3ayBaxuMO,’ mo xond y dopmyai nonepennboro naparpada mno-

JIACTH 0 == 2 , ak_ak, Br = ba (=1, 2,. o n), TO MH 3HafizeMo

1

=2ln§ [f(x)' ( —}-Zak cos kx - by sin kx )J dxA__—_-

k=]

—5 ffz(x)dx 31 Y @t

I¢-—1
3Biacu Bumnsae, m«o Aoaez{emm pibmc’ﬂ

' . PIBHOCHIbHE TBEp K eHRIO

tim [ %41 Z(ai+b£)l==~— f A dx.

R==]

[TomHOMky v OfNEBL wm niei pianocri Ba 2  moatix lm.
WO 30LKHICTL AQMNOre DALY .XO SROPOCH wuCAa A 6 ¥ye mo .
K npamysa:ana 20:A. cyunn nepmu WIRHIB 146010 PAEY, s:d’meuo

,%+§@:+%#%§WW "f?‘

La uikasa piénim Mae HasBy piswotmi TRspoesans.

Takum uynHOM MH 6auuNO, 1O KOJH BRXAETHCH JAOBECTH np;my-
BaHHSA 10 HYJ% BUPapY &2 BPH 700, TG SHIACE BHILANBaE DiBHiCTb
ﬂapceBaJm ajne A waBnakH, koau 6 Brasoca posect pisnicTo [lap-
cesasis, TO: 3 HeE BMISBANG 6 APsY D m AyNF Ccepeanbol
KBAAPATHYHOY MOMMAKK, :

Biasnaunmo: Ofuf mwmm ke pidk magow 3 pisnoeri
TlapceBanst. - ‘

[punycramo, mo tpynxm% f(x) waé Bl xoedﬁufm d!!vf)e pﬁ!-
#uMU Hyneal 'roﬁm

ay=0, @G=b,=0" . .n=1,-2s,;a,....
146 ' o



Toai 3 pisnocri Hapcenam BHILJIHBAE :
+n i )
< f Fx)dx =0,

Ane vepes Te WO niginTerpanbua GyHKuis He BiX'eMHa, TO iHTe-
rpaj MOXe AOpDIBHIOBaTH HyJ€Bi TIMIBKH npH yMmosi

‘ f(x) =0

- OTae, MH M3€MO TEOpeMy, L0 Mae Ha3By Meopemi eOuHocmi:

. He icuye aBox pisHuX ¢ynkuifl, y axux onsakosi Bci ix koe-
hinientu Pyp’e, 60 xoam 6 Taki ¢yuxuii.icHysaau, ix PpisHuns
Oyaa 6.siaminna BiA Byas, ane Mana 6 yci xoedinientn Pyp'e pie-
HAMH-HYyaAesl. - = P e

- Llie10T¢OpEMOI0 MH Bike KOPHCTYBaauch'y § 46,
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